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Massive (hypermassive and supramassive) neutron stars are likely to be often formed after the
merger of binary neutron stars. We explore the evolution process of the remnant massive neutron
stars and gravitational waves emitted by them, based on numerical-relativity simulations for binary
neutron star mergers employing a variety of equations of state and choosing a plausible range of
the neutron-star mass of binaries. We show that the lifetime of remnant hypermassive neutron
stars depends strongly on the total binary mass and also on the equations of state. Gravitational
waves emitted by the remnant massive neutron stars universally have a quasiperiodic nature of an
approximately constant frequency although the frequency varies with time. We also show that the
frequency and time-variation feature of gravitational waves depend strongly on the equations of
state. We derive a fitting formula for the quasiperiodic gravitational waveforms, which may be used
for the data analysis of a gravitational-wave signal.
PACS numbers: 04.25.Dm, 04.30.-w, 04.40.Dg
I. INTRODUCTION
Coalescence of binary neutron stars is one of the
most promising sources for next-generation kilo-meter-
size gravitational-wave detectors such as advanced LIGO,
advanced VIRGO, and KAGRA (LCGT) [1]. The first
detection of gravitational waves will be achieved in the
next ∼ 5 years by observing a chirp signal of gravita-
tional waves emitted in the so-called inspiral stage in
which binary neutron stars are in quasicircular orbits
with orbital radius 30 – 700 km (the gravitational-wave
frequency in the range ≈ 10 – 103 Hz). Statistical studies
have predicted that the detection rate of gravitational
waves for this signal will be ∼ 1 – 100 per year (e.g.,
[2, 3]). After the first detection of gravitational waves
from coalescence of a binary neutron star, it will be a
great challenge to extract the information of matter ef-
fects from a gravitational-wave signal. For instance, a
tidal deformability parameter will be measurable with
the gravitational-wave signal during the inspiral stage [4].
After the merger of a binary neutron star sets in, there
are two possible fates: If the total mass is large enough,
a black hole is promptly formed, while if not, a massive
neutron star (MNS) is formed. (Here, a massive neu-
tron star means hypermassive or supramassive neutron
star: see [5] and [6, 7] for their definitions, respectively;
see also Sec. II C). Numerical-relativity simulations have
shown that the threshold mass depends strongly on the
equation of state (EOS) of the neutron-star matter [8–
12], which is sill poorly known to date [13]. However,
the latest discoveries of high-mass neutron stars with
mass 1.97 ± 0.04M [14] and 2.01 ± 0.04M [15] con-
strain that the maximum mass of (cold) spherical neutron
stars for a given hypothetical EOS has to be larger than
∼ 2M. This suggests that the EOS of neutron stars has
to be stiff; the pressure above the nuclear-matter density
∼ 2.8×1014 g/cm3 has to be sufficiently high. Motivated
by this fact, we performed numerical-relativity simula-
tions for a variety of stiff EOSs in previous papers [9, 12],
and found that a MNS is the universal outcome for the
binary of total mass smaller than the typical mass ∼ 2.6 –
2.8M. The purpose of this paper is to summarize our
latest more systematic studies for the evolution process of
the MNSs and quasiperiodic gravitational waves emitted
by the MNSs formed after the merger of binary neutron
stars.
In the past decade, the numerical simulation for the
merger of binary neutron stars in full general relativity,
which is the unique approach of the rigorous theoretical
study for this subject, has been extensively performed
since the first success in 2000 [17] (see, e.g., [18, 19]
for a review of this field). However, most of the sim-
ulations have been performed with simple polytropic
EOSs (but see, e.g., [20–22] for the latest progress).
For the detailed and physical study of the merger rem-
nants and gravitational waves emitted by remnant MNSs,
we have to employ physical EOSs. In the past two
years, we have performed a number of simulations using
piecewise polytropic EOSs [9, 12] and tabulated finite-
temperature EOSs taking into account a neutrino cooling
process [10, 11, 16] for a variety of masses of binary sys-
tems (see also [23]). We now have a number of numerical
results; a variety of the sample for remnant MNSs and
possible gravitational waves emitted by them. By an-
alyzing these samples, we can now summarize possible
evolution processes of the remnant MNSs and the result-
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2ing gravitational waveforms. Furthermore, a variety of
numerical gravitational waveforms enable us to construct
an analytic model for such gravitational waveforms. In
this paper, we report the results of our exploration for
these issues.
The paper is organized as follows: In Sec. II, we
summarize the EOSs employed in our latest numerical-
relativity simulations, and models of binary neutron stars
for which MNSs are formed. In Sec. III, we describe
the properties and possible evolution processes of the
MNSs. Section IV summarizes the properties of gravi-
tational waves emitted by MNSs. Section V is devoted
to deriving analytic formulas for modeling gravitational
waves emitted by the MNSs. Section VI is devoted to
a summary and discussion. Throughout this paper, we
employ the geometrical units c = 1 = G where c and G
are the speed of light and gravitational constant, respec-
tively, although we recover c when we need to clarify the
units [53].
II. EQUATIONS OF STATE AND CHOSEN
MODELS
A. Equations of state
In this section, we summarize the EOSs employed in
our latest studies [10–12, 16] and in the present work.
The exact EOS for the high-density nuclear matter is
still unknown [13], and hence, a numerical simulation
employing a single particular EOS, which might not be
correct, would not yield a scientific result in this field.
Simulations systematically employing a wide variety of
possible hypothetical EOSs are required for exploring the
merger of binary neutron stars. Nevertheless, the latest
discoveries of a high-mass neutron star PSR J1614-2230
with mass 1.97±0.04M [14] and PSR J0348+0432 with
2.01± 0.04M [15] significantly constrain the hypothet-
ical EOSs to be chosen, because these suggest that the
maximum allowed mass of (cold) spherical neutron stars
for a given EOS (hereafter denoted by Mmax) has to be
larger than ∼ 2M. This indicates that the EOS should
be rather stiff, although there are still many candidate
EOSs [13].
To this time, we have employed two types of EOSs.
One is a piecewise polytropic EOS proposed by Read and
her collaborators [24] (described below) and the other is
a tabulated EOS in which finite-temperature effects to-
gether with the effects associated with the electron frac-
tion per baryon is taken into account. In this study, we
analyze numerical results obtained in the so-called Shen
EOS [10] which was derived from a relativistic mean-field
theory [25] assuming that neutron stars are composed
of normal nuclear matter such as protons and neutrons.
This EOS is stiff and yields Mmax = 2.2M (see Ta-
ble I). We also employed the hyperonic version of Shen
EOS [26] in [11]. However, this EOS is rather soft with
Mmax = 1.75M, and hence, we do not adopt the nu-
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FIG. 1: Pressure as a function of the rest-mass density for
seven EOSs listed in Table I.
merical results for this EOS in this paper.
The piecewise polytropic EOS is described assuming
that neutron stars are cold (in a zero-temperature state);
the rest-mass density, ρ, determines all other thermo-
dynamical quantities. In the prescription of [24], there
are the following four parameters; P2: the pressure at
ρ := ρ2 = 10
14.7 g/cm3 and (Γ1,Γ2,Γ3): the adiabatic
indices that characterize the EOS for the nuclear mat-
ter (see, e.g., [12] for the detail). Table I lists parame-
ters of the five piecewise polytropic EOSs which we em-
ployed and which are representative EOSs derived in nu-
clear theories. The values of (P2,Γ1,Γ2,Γ3) are taken
from [24]. The properties of these EOSs are described
in [12] (see [28–32] for APR4, SLy, ALF2, H4, and MS1,
respectively.)
Figure 1 plots the pressure as a function of the rest-
mass density for five piecewise polytropic EOSs as well
as for Shen EOS. APR4 and SLy have relatively small
pressure for ρ <∼ ρ3 := 1015 g/cm3, while they have high
pressure for ρ >∼ ρ3. By contrast, H4, MS1, and Shen
have pressure higher than APR4 and SLy for ρ <∼ ρ3,
while they become softer for a high-density region ρ >∼ ρ3.
MS1 has the highest pressure for ρ <∼ ρ3 (i.e., the highest
value of P2) among many other EOSs, and thus, it is
the stiffest EOS as far as the canonical neutron stars are
concerned. ALF2 has small pressure for ρ ≤ ρ2 as in the
case of APR4, but for ρ2 <∼ ρ ≤ ρ3, the pressure is higher
than that for APR4. For ρ ≥ ρ2 the pressure of ALF2 is
as high as that for H4. The profile of Shen is similar to
H4 although Shen has slightly higher pressure than H4
for a given value of the density. Also, APR4 and SLy are
similar EOSs, but the slight difference between two EOSs
results in a significant difference in the merger remnants
for canonical-mass binary neutron stars (see Sec. III).
All the properties mentioned above are reflected in
the radius, R1.35, and central density, ρ1.35, of (cold)
spherical neutron stars with the canonical mass M =
1.35M [33] where M is the gravitational (Arnowitt-
Deser-Misner; ADM) mass of the cold spherical neutron
3TABLE I: Parameters and key quantities for five piecewise polytropic EOSs and finite-temperature (Shen) EOSs employed
so far. P2 is shown in units of dyn/cm
2. Mmax is the maximum-mass along the sequences of cold spherical neutron stars.
(R1.35, ρ1.35), (R1.5, ρ1.5), (R1.6, ρ1.6), and (R1.8, ρ1.8) are the circumferential radius in units of km and the central density in
units of g/cm3 for 1.35M, 1.5M, 1.6M, and 1.8M neutron stars, respectively. We note that the values of the mass, radius,
and density listed for the piecewise polytropic EOSs are slightly different from those obtained in the original tabulated EOSs
(see the text for the reason). MS1 is referred to as this name in [24], but in other references (e.g., [13]), it is referred to as MS0.
We follow [24] in this paper. The fitted parameters (log(P2),Γ1,Γ2,Γ3) are taken from [24].
EOS (log(P2),Γ1,Γ2,Γ3) Mmax(M) R1.35 ρ1.35 R1.5 ρ1.5 R1.6 ρ1.6 R1.8 ρ1.8
APR4 (34.269, 2.830, 3.445, 3.348) 2.20 11.1 8.9× 1014 11.1 9.6× 1014 11.1 10.1× 1014 11.0 11.4× 1014
SLy (34.384, 3.005, 2.988, 2.851) 2.06 11.5 8.6× 1014 11.4 9.5× 1014 11.4 10.2× 1014 11.2 12.0× 1014
ALF2 (34.616, 4.070, 2.411, 1.890) 1.99 12.4 6.4× 1014 12.4 7.2× 1014 12.4 7.8× 1014 12.2 9.5× 1014
H4 (34.669, 2.909, 2.246, 2.144) 2.03 13.6 5.5× 1014 13.5 6.3× 1014 13.5 6.9× 1014 13.1 8.7× 1014
MS1 (34.858, 3.224, 3.033, 1.325) 2.77 14.4 4.2× 1014 14.5 4.5× 1014 14.6 4.7× 1014 14.6 5.1× 1014
Shen (34.717, —, —, —) 2.20 14.5 4.4× 1014 14.4 4.9× 1014 14.4 5.8× 1014 14.2 6.7× 1014
stars in isolation: see Table I. The pressure at ρ = ρ2
(i.e., P2) is correlated well with this radius and central
density [34] (see also below).
In the numerical simulation, we used a modified version
of the piecewise polytropic EOS to approximately take
into account thermal effects. In this EOS, the pressure
and specific internal energy are decomposed into cold and
thermal parts as
P = Pcold + Pth , ε = εcold + εth. (1)
The cold parts of both variables are calculated using
the original piecewise polytropic EOS from the primi-
tive variable ρ, and then the thermal part of the specific
internal energy is defined from ε as εth = ε − εcold(ρ).
Because εth vanishes in the absence of shock heating, it
is regarded as the finite-temperature part determined by
the shock heating in the present context. For the thermal
part of the pressure and specific internal energy, a Γ-law
ideal-gas EOS was adopted as
Pth = (Γth − 1)ρεth. (2)
Following the conclusion of a detailed study in [35], Γth is
chosen in the range 1.6 – 2.0 with the canonical value 1.8.
For several models, simulations were performed varying
the value of Γth (see Table II).
B. Models
Numerical simulations were performed for a variety of
EOSs and for many sets of masses of binary neutron stars.
Because the mass of each neutron star in the observed
binary systems is in a narrow range between ∼ 1.23 –
1.45M [33], we basically choose the neutron-star mass
1.20, 1.25, 1.30, 1.35, 1.40, 1.45, and 1.5M with the
canonical mass 1.35M (the canonical total mass m =
m1 +m2 = 2.7M). Also, the mass ratio of the observed
system q := m1/m2(≤ 1) where m1 and m2 denote the
mass of lighter and heavier neutron stars, respectively,
is in a narrow range ∼ 0.85 – 1. Thus, we choose q as
0.8 ≤ q ≤ 1. The models employed in the present analysis
are listed in Table II. In the following, we specify the
model by the names listed in this table. We note that
for APR4 and SLy, a black hole is formed promptly after
the onset of the merger for m ≥ 2.9M and m ≥ 2.8M,
respectively. (Although they are not listed in Table II,
we performed a simulation for m1 = m2 = 1.4M with
SLy and three simulations for m = 2.9M with APR4.)
We found that for models with m ≤ 2.7M, MNSs
were always formed irrespective of the EOSs employed.
Even for m = 2.8M, MNSs were formed for all the EOSs
except for SLy. For stiffer EOSs, MNSs can be formed
even for m = 3M (e.g., for Shen and MS1 EOSs). Thus,
for H4, MS1, and Shen, we performed simulations for
higher-mass models with m2 = 1.6M. The models in
which MNSs are formed are summarized in Table II. In
Secs. III and IV, we will analyze the evolution process
of the MNSs and the waveform of emitted gravitational
waves, derived for these models.
Numerical simulations with the piecewise polytropic
EOSs were performed using an adaptive-mesh refinement
code SACRA [36]. For these simulations, the semi-major
diameter of neutron stars is initially covered by ≈ 100
grid points (we refer to this grid resolution as high reso-
lution). We also performed lower-resolution simulations
covering the the semimajor axis by ≈ 65 and 80 grid
points (we refer to these grid resolutions as low and mid-
dle resolutions). The accuracy and convergence of the
numerical results for the high grid resolution is found
in [12] and in Appendix A; e.g., the averaged frequency
of gravitational waves emitted from MNSs is determined
within ∼ 0.1 kHz error. Numerical simulations with Shen
EOS were performed using a code developed in [10, 11].
For these simulations, the semi-major diameter of neu-
tron stars is initially covered by ≈ 80 grid points. The
accuracy and convergence of the numerical results for the
high grid resolution would be slightly poorer than those
in the piecewise polytropic EOS case. For comparison,
we performed simulations using these two codes with the
same total mass and EOS, H4-135135. Then, we found
that the averaged frequency of gravitational waves emit-
ted by HMNS agrees with each other within 1% accuracy.
For all these simulations, the initial data were prepared
4TABLE II: List of the simulation models in which a MNS is formed. The model is referred to as the name “EOS”-“m1”“m2”;
e.g., the model employing APR4, m1 = 1.3M, and m2 = 1.4M is referred to as model APR4-130140. Second – fourth
columns show the adiabatic index for the thermal pressure for the piecewise polytropic EOS and masses of two components.
The last three columns show the numerical results; approximate lifetime of the MNS that was found in our simulation time,
the rest mass of disks surrounding the remnant black hole, and final gravitational mass of the system. — denotes that the
lifetime of the MNS is much longer than 30 ms and we did not find black-hole formation in our simulation time. The disk
mass is measured at 10 ms after the formation of the black hole. We note that a black hole is formed soon after the onset of
the merger with m ≥ 2.9M for APR4 and with m ≥ 2.8M for SLy. For ALF2 with m = 2.9M, a MNS is formed after the
merger but its lifetime is quite short, < 5 ms.
Model Γth m1(M) m2(M) Lifetime (ms) disk mass (M) final mass (M)
APR4-130150 1.8 1.30 1.50 30 0.12 2.69
APR4-140140 1.8 1.30 1.50 35 0.12 2.69
APR4-120150 1.6, 1.8, 2.0 1.20 1.50 — — 2.60, 2.59, 2.59
APR4-125145 1.8 1.25 1.45 — — 2.60
APR4-130140 1.8 1.30 1.40 — — 2.60
APR4-135135 1.6, 1.8, 2.0 1.35 1.35 — — 2.59, 2.61, 2.60
APR4-120140 1.8 1.20 1.40 — — 2.52
APR4-125135 1.8 1.25 1.35 — — 2.53
APR4-130130 1.8 1.30 1.30 — — 2.53
SLy-120150 1.8 1.20 1.50 10 0.12 2.60
SLy-125145 1.8 1.25 1.45 15 0.14 2.60
SLy-130140 1.8 1.30 1.40 15 0.11 2.60
SLy-135135 1.8 1.35 1.35 10 0.08 2.58
SLy-130130 1.8 1.30 1.30 — — 2.51
ALF2-145145 1.8 1.45 1.45 2 0.04 2.84
ALF2-140140 1.8 1.40 1.40 5 0.07 2.72
ALF2-120150 1.8 1.20 1.50 45 0.31 2.63
ALF2-125145 1.8 1.25 1.25 40 0.23 2.63
ALF2-130140 1.8 1.30 1.40 10 0.12 2.63
ALF2-135135 1.8 1.35 1.35 15 0.17 2.62
ALF2-130130 1.8 1.30 1.30 — — 2.54
H4-130160 1.8 1.30 1.60 5 0.12 2.83
H4-145145 1.8 1.45 1.45 5 0.03 2.81
H4-130150 1.8 1.30 1.50 20 0.25 2.72
H4-140140 1.8 1.40 1.40 10 0.03 2.72
H4-120150 1.6, 1.8, 2.0 1.20 1.50 — — 2.65, 2.64, 2.64
H4-125145 1.8 1.25 1.25 — — 2.63
H4-130140 1.8 1.30 1.40 — — 2.62
H4-135135 1.6, 1.8, 2.0 1.35 1.35 15, 25, 35 0.08, 0.08, 0.08 2.62, 2.62, 2.62
H4-120140 1.8 1.30 1.30 — — 2.54
H4-125135 1.8 1.30 1.30 — — 2.55
H4-130130 1.8 1.30 1.30 — — 2.53
MS1-130160 1.8 1.30 1.60 — — 2.85
MS1-145145 1.8 1.45 1.45 — — 2.85
MS1-140140 1.8 1.40 1.40 — — 2.75
MS1-120150 1.8 1.20 1.50 — — 2.65
MS1-125145 1.8 1.25 1.25 — — 2.66
MS1-130140 1.8 1.30 1.40 — — 2.66
MS1-135135 1.8 1.35 1.35 — — 2.65
MS1-130130 1.8 1.30 1.30 — — 2.56
Shen-120150 — 1.20 1.50 — — 2.64
Shen-125145 — 1.25 1.45 — — 2.61
Shen-130140 — 1.30 1.40 — — 2.63
Shen-135135 — 1.35 1.35 — — 2.62
Shen-140140 — 1.40 1.40 — — 2.74
Shen-150150 — 1.50 1.50 — — 2.95
Shen-160160 — 1.60 1.60 10 0.10 3.12
5FIG. 2: A schematic diagram for explaining HMNS and
SMNS. Mmax has to be larger than ∼ 2M and for such
stiff EOSs, we empirically know that Mmax,s ≈ 1.2Mmax [7].
T denotes the typical temperature of MNS. See the text for
details.
by a code described in [37], which was developed from
LORENE library [38].
C. Hypermassive and supramassive neutron stars
Before going ahead, we remind the readers the defini-
tions of the hypermassive [5] and supramassive neutron
stars [6, 7]. We note that in the definitions, we suppose
that neutron stars are cold (i.e., finite-temperature effects
are negligible).
A sequence of spherical neutron stars always has the
maximum mass state. Rotation can increase the max-
imum mass of neutron stars. The maximum mass of
a uniformly rotating neutron star (hereafter denoted by
Mmax,s) is determined by the spin rate at which the mass
element at the equator rotates with the (general relativis-
tic) Kepler velocity and further speed-up would lead to
mass shedding. This maximum mass for cold neutron
stars was determined numerically for a variety of nuclear-
theory-based EOSs in [7], which shows that Mmax,s is
by 15 – 20% larger than Mmax. For stiff EOSs in which
Mmax > 2M, it is empirically known that this increase
factor is ∼ 20%. Rotating neutron stars with their rest
mass exceeding the maximum rest mass of nonspinning
neutron stars for a given EOS are referred to as supra-
massive neutron stars (SMNSs) [6]. A uniformly rotating
(cold) neutron star with mass exceeding ≈ Mmax,s will
collapse to a black hole. However, a uniformly rotating
(cold) neutron star with mass between Mmax and Mmax,s
may be alive, and it will collapse to a black hole only for
the case that a process for the dissipation of its angular
momentum is present. The typical dissipation process is
an electromagnetic emission such as magnetic dipole radi-
ation, for which the dissipation time scale is much longer
than 1 s for the typical magnetic-field strength ∼ 1012 G
and the allowed spin period (>∼ 1 ms) of the neutron stars.
The merger of binary neutron stars does not result in
general in a uniformly rotating remnant, but in a dif-
ferentially rotating one. The inner region of the remnant
MNSs often rotates faster than the envelope: The angular
velocity in the inner region can be larger than the Kepler
one of the equator as first found in [17]. This implies
that the centrifugal force, which can have the significant
contribution to supporting the strong self-gravity of the
merger remnant, is enhanced, and thus, the maximum
allowed mass of the remnant MNS can exceed the max-
imum allowed mass of SMNSs for a given EOS, Mmax,s.
Such differentially rotating neutron stars with their mass
exceeding Mmax,s are referred to as hypermassive neu-
tron stars (HMNSs). Therefore, a differentially rotating
(cold) neutron star with mass exceeding ≈ Mmax,s does
not always have to collapse to a black hole.
The left side of Fig. 2 schematically shows the defini-
tion of the HMNS and SMNS. The neutron stars with
the mass smaller than Mmax are referred to as normal
neutron stars in this figure.
If the degrees of the differential rotation is significantly
reduced by some angular-momentum transport or dissi-
pation processes, HMNSs will be unstable against gravi-
tational collapse. There are several possible processes for
transporting angular momentum (e.g., [39–41]). One is
the purely hydrodynamics effect. This becomes an effi-
cient process for HMNSs formed soon after the merger
of binary neutron stars, because such HMNSs usually
have a nonaxisymmetric structure and exert the torque
to the matter in the envelope. Then, the angular mo-
mentum in the inner part of the HMNSs is transported
outward, and as the decrease of the angular momentum
in the inner part, the degrees of the differential rotation is
reduced. In the present simulations as well as our simu-
lations of [10–12], only this process is taken into account,
but this is really an efficient process in particular for the
early evolution stage of the HMNSs in which the degrees
of nonaxisymmetry is quite high.
There are two other possible effects for the angular-
momentum transport, both of which are activated in the
presence of magnetic fields. One is the magnetic wind-
ing effect (e.g., [5]) for which the order of the angular-
momentum transport time scale is
τwind ∼ R
vA
∼ 102ρ1/215 B−115 R6 ms, (3)
where R is the typical radius of the HMNS with R6 =
R/(106 cm), and vA is the Alfve´n velocity
vA ≈ B√
4piρ
. (4)
Here, B is the typical magnitude of the radial component
of magnetic fields with B15 = B/(10
15 G), and ρ is the
typical density with ρ15 = ρ/(10
15 g/cm3). Thus, for
the sufficiently high magnetic-field strength which could
be yielded by the winding itself and compression, the
angular-momentum transport is significantly enhanced.
The other mechanism is the magnetorotational insta-
bility (MRI) [45, 46] by which an effective viscosity is
likely to be generated with the effective viscous parame-
6ter
νvis ∼ αvis c
2
s
Ω
, (5)
where αvis is the so-called α-parameter which will be
0.01 – 0.1 [46], cs is the typical sound velocity of order
∼ 0.1c, and Ω is the typical angular velocity ∼ 104 rad/s
with Ω4 = Ω/(10
4 rad/s). Thus, the viscous angular-
momentum transport time scale in the presence of mag-
netic fields would be
τmri ∼ R
2
νvis
∼ 102R26Ω4
(
αvis
10−2
)−1(
cs
0.1c
)−2
ms, (6)
and hence, the time scale is as short as τwind for the
hypothetical radial field strength B15 >∼ 1. Both effects
work as long as differential rotation is present even in the
absence of nonaxisymmetry. Therefore, unless any pro-
cess stabilizes them, HMNSs with sufficiently high mass
would collapse to a black hole in the time scale, τwind or
τmri, which is ∼ 102 ms.
In the definitions of HMNS and SMNS described
above, we have not considered finite-temperature (ther-
mal) effects. This effect could be important for the rem-
nant MNS of binary neutron stars. The reason for this
is that during the merger process, strong shocks are of-
ten formed and the maximum temperature of MNSs is
increased up to 30 – 50 MeV [10, 11]. The thermal pres-
sure associated with this high temperature is several 10%
of the cold-part pressure caused by the repulsive nuclear
force, and hence, it is never negligible. Although it is not
easy to strictly determine their values, it is reasonable
to consider that the finite-temperature effect could in-
crease the values of Mmax and Mmax,s by ∼ 0.1M. The
right-hand side of Fig. 2 schematically shows the possible
increase of these values. Hereafter we refer to these val-
ues as Mmax(T > 0) and Mmax,s(T > 0), supposing that
these are larger than Mmax and Mmax,s by ∼ 0.1M.
The finite-temperature neutron stars will eventually
dissipate the thermal energy in a short time scale ∼
1 – 10 s because of the neutrino cooling [42]. Refer-
ences [10, 11] indeed show that the time scale of the
neutrino emission is of order seconds. Here, when we
consider the possible evolution processes of HMNS and
SMNS, we have to keep in mind that in this time scale,
the values of Mmax(T > 0) and Mmax,s(T > 0) could be
by ∼ 0.1M larger than Mmax and Mmax,s. For example,
consider a differentially rotating and hot remnant MNS
for which the mass is larger than Mmax,s and smaller
than Mmax,s(T > 0). If a process of angular-momentum
transport works and the degrees of differential rotation
is significantly reduced, such a remnant will be unstable
against gravitational collapse, for the case that the ther-
mal effect is negligible. However, if the thermal effect is
important even after the angular-momentum transport
process works, it will be stable in the cooling time scale.
It will eventually collapse to a black hole after the neu-
trino cooling. However, its lifetime >∼ 1 s could be much
longer than the angular-momentum transport time scale
<∼ 100 ms.
III. PROPERTIES AND EVOLUTION PROCESS
OF MNS
Previous studies (e.g., [9, 10, 12]) clarified that soon
after the onset of the merger, either a long-lived MNS
(HMNS or SMNS or normal neutron star) or a black
hole is formed. For most of the simulations in this pa-
per performed with stiff EOSs and with the canonical
total mass 2.6 – 2.8M, we found that a long-lived MNS
is formed with its lifetime much longer than its dynam-
ical time scale ∼ 0.1 ms and its rotation period ∼ 1 ms
(cf. Figs. 3 – 5). The unique properties to be particu-
larly noticed are that the MNSs are rapidly and differ-
entially rotating, and nonaxisymmetric (cf. Figs. 4 and
5): Thus, they could be temporarily stable even if they
are very massive, and in addition, they could be strong
sources of gravitational waves. The purpose of this sec-
tion is to explore the properties and evolution processes
of such MNSs. In the subsequent sections, we will clarify
the properties of gravitational waves.
A. Dependence on EOS
Figure 3 plots the evolution of the maximum density
for five piecewise polytropic EOSs and Shen EOS with
several binary masses in the range m = 2.6M – 2.8M.
For Shen and MS1 EOSs, the results with more massive
cases are also plotted. This figure shows that the evolu-
tion process of MNSs depends strongly on the EOSs and
total mass as described in the following.
APR4: For this EOS, the pressure at ρ = ρ2 (i.e.,
the value of P2) is lowest among all the EOSs employed.
However, the pressure for ρ ≥ ρ3 is rather high because
the adiabatic index for this density range (i.e., Γ3) is
highest. Reflecting the small pressure for ρ < ρ3, the
maximum density increases steeply during the early stage
of the merger due to the sudden increasing strength of the
self-gravity. However, also, reflecting the high pressure
for ρ > ρ3 due to the high value of Γ3, the steep increase
of the density is hung up and subsequently the maximum
density oscillates with high amplitude for several oscilla-
tion periods (for ∼ 5 ms). This is the unique feature for
this type of EOS (i.e., APR4 and SLy). After a sub-
sequent relaxation process through the interaction with
the envelope surrounding the central core, the maximum
density eventually relaxes approximately to a constant.
In this relaxation process, the angular momentum is
transported substantially from the inner region to the
outer region via the hydrodynamical angular-momentum
transport process, because the MNS has a highly non-
axisymmetric structure and can exert the torque to the
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FIG. 3: Maximum density as a function of time for APR4 (top left), SLy (top right), ALF2 (middle left), H4 (middle right),
MS1 (bottom left), and Shen (bottom right) EOSs with several values of binary mass. Note that Γ for the panel of APR4 and
ALF2 denotes Γth and the absence of Γ value means that Γth = 1.8. For APR4-140140 and ALF2-120150, we confirmed that
a black hole was eventually formed at t ∼ 47 ms and 52 ms.
surrounding matter in its early evolution stage. It is wor-
thy to note that the high-amplitude oscillation also plays
an important role for enhancing the angular-momentum
transport because the MNS interacts directly with the
envelope during this oscillation.
The resulting MNSs formed after the relaxation evolve
in a quasistationary manner. For a relatively small to-
tal mass with m <∼ 2.7M, the maximum density in
the quasistationary stage remains approximately con-
stant for a sufficiently long time  10 ms. This is due to
the facts that the gravitational-wave emission does not
yield significant dissipation, i.e., the system relaxes to a
quasistationary state for this stage, and that the final
mass of the MNS is likely to be smaller than Mmax,s or
Mmax,s(T > 0). The first fact can be found by estimating
the dissipation time scale by the gravitational-wave emis-
sion which is much longer than the dynamical time scale
(see also Figs. 7 – 9 from which we find that gravitational-
8FIG. 4: Snapshots of the density profile in the equatorial plane at selected time slices for equal-mass models APR4-135135
(upper panel) and H4-135135 (lower panel) with Γth = 1.8.
wave amplitude for the t−tmerge > 10 ms is much smaller
than that for t − tmerge <∼ 5 ms). To confirm the second
fact, we calculated the final gravitational mass of the sys-
tem applying the formula of the ADM mass for a finite
sphere of radius ≈ 300 km (see Table II) which is ap-
proximately equal to the initial ADM mass minus energy
carried out by gravitational waves, and found that for
m = 2.6M and 2.7M, the final mass is ≈ 2.53M and
2.60M, respectively. The value of Mmax for this EOS is
≈ 2.20M, and thus, that of Mmax,s should be ∼ 2.6M
according to the numerical results of [7]. Then, it is
reasonable to consider that the value of Mmax,s(T > 0)
is larger than 2.6M. Therefore, for m = 2.6M, the
remnant is a SMNS, and hence, it will be alive for a
long time  1 s, even in the presence of a realistic pro-
cess of the angular-momentum transport and dissipation
(see Sec. II C), and for m = 2.7M, the remnants may
be HMNSs. However, the mass would be smaller than
Mmax,s(T > 0). For this system, the angular-momentum
transport alone may not trigger the gravitational col-
lapse, and the lifetime of the HMNS would be determined
by the neutrino cooling in reality.
For m >∼ 2.8M, on the other hand, the remnants are
HMNSs which evolve due to the gravitational-wave emis-
sion and hydrodynamical angular-momentum transport,
resulting in the slow but monotonic increase of the maxi-
mum density with time for the quasistationary stage. For
example, for APR4-130150 and APR4-140140, a black
hole is formed at ∼ 30 and 35 ms after the onset of the
merger in our simulations. The resulting object is a black
hole surrounded by a massive disk (or torus) of mass
∼ 0.1M. Here, the high mass of the disk is a result of
the long-term angular momentum transport process in
the HMNS stage.
SLy: For this EOS, the evolution process agrees quali-
tatively with that for APR4. However, the value of Mmax
for this EOS is slightly (by 0.14M) smaller than that
for APR4. Thus, the values of Mmax,s and Mmax,s(T >
0) would be also smaller by ∼ 0.15M; the plausible
value of Mmax,s would be ∼ 2.45M. Reflecting this
fact, the threshold mass for the prompt formation of
the black hole becomes m ≈ 2.8M for this EOS. For
m = 2.7M with which the mass of the remnant MNS is
∼ 2.6M > Mmax,s and thus the MNS is hypermassive,
a black hole is formed in ∼ 10 – 15 ms after the onset of
the merger irrespective of the mass ratio; the lifetime of
the HMNS is not very long. For m = 2.6M, the mass
of the remnant MNS is >∼ 2.5M, and thus, the MNS is
hypermassive as well. However, for this mass, the life-
time is 10 ms; the gravitational-wave emission and hy-
9FIG. 5: The same as Fig. 4 but for unequal-mass models APR4-120150 (upper and middle panels) and H4-120150 (bottom
panel).
drodynamical angular-momentum transport process also
are not sufficient for inducing the collapse. Subsequent
evolution of such HMNS will be determined by angular-
momentum transport processes or cooling in reality. If
the thermal pressure plays a sufficiently important role,
the HMNS collapses to a black hole after the neutrino
cooling with the time scale of seconds, and if it does
not, the collapse to a black hole occurs in some angular-
momentum transport time scale ∼ 100 ms.
As argued in the following, binary neutron stars with
m = 2.8M do not result in a black hole formation
promptly after the onset of the merger for ALF2 and
H4 EOSs for which the value of Mmax ∼ 2M, by con-
trast to the case of SLy. This suggests that for a given
value of Mmax, the black hole formation is more subject
to EOSs with smaller values of P2, or in other words, with
smaller radii of canonical-mass neutron stars. As shown
in Sec. IV, a characteristic peak in the Fourier spectrum
of gravitational waves for a high frequency band ∼ 2 –
4 kHz is present for the case that a MNS is formed after
the merger. This implies that if high-frequency gravi-
tational waves from the merger of binary neutron stars
with particular total mass, say 2.8M, are observed, we
will be able to constrain the EOS of neutron stars only
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by determining whether the peak is present or not [47].
ALF2: For this EOS, not only neutron stars of mass
1.2 – 1.5M but also MNSs just after the formation with
m = 2.6 – 2.8M have the maximum density between
ρ2 and ρ3. Thus, although the oscillation of the maxi-
mum density is observed, its amplitude is not as high as
for APR4 and SLy, and hence, the angular-momentum
transport process does not seem to be as efficient as for
APR4 and SLy as well. For ALF2, however, the adia-
batic index for this density range is small (Γ2 ∼ 2.4),
although the pressure for ρ2 ≤ ρ ≤ ρ3 is relatively high.
Because of this property, the maximum density of the
MNSs increases as a result of the gravitational radiation
reaction and hydrodynamical angular-momentum trans-
port with a relatively short time scale. For the models
with m >∼ 2.7M, the maximum density becomes even-
tually larger than ρ3. For ρ > ρ3, the adiabatic index
is quite small (Γ3 ∼ 1.9), and hence, the increase of the
maximum density is enhanced, leading to the eventual
gravitational collapse to a black hole. For this evolution
process, the formation time scale of the black hole is de-
termined by the time scale of gravitational-wave emission
or hydrodynamical angular-momentum transport.
For m = 2.7M and 2.8M, the remnant mass is ≈
2.63M and 2.72M, and thus, the remnants are very
hypermassive, because for this EOS, Mmax ≈ 2.0M and
Mmax,s would be<∼ 2.4M. Since the black hole is formed
for m ≥ 2.7M, the thermal pressure is not sufficient
for sustaining the additional self-gravity of the HMNSs;
Mmax,s(T > 0)−Mmax,s would be smaller than ∼ 0.2M.
For relatively small mass m = 2.6M, on the other
hand, the emission of gravitational waves and hydrody-
namical angular-momentum transport become inactive
before the maximum density significantly exceeds ρ3. In
this case, the increase of the maximum density is stopped
and the HMNS relaxes to a quasistationary state. The
resulting remnant mass is ≈ 2.54M which is likely to be
larger than Mmax,s. Thus, the remnant is likely to be a
HMNS. Subsequent evolution of such HMNS will be de-
termined by angular-momentum transport processes or
cooling in reality, as in the case of model SLy-130130.
One point worthy to be noted is that the evolution
process for m = 2.7M depends on the mass ratio (com-
pare the plots for ALF2-135135 and ALF2-120150). For
the sufficiently large asymmetry (i.e., q = 0.8), the life-
time of the HMNS becomes much longer than that of the
equal-mass model for this EOS. The reason is that for
the asymmetric case, the merger occurs at a larger or-
bital separation than for the equal-mass case; i.e., before
a sufficient amount of angular momentum is dissipated
by the gravitational-wave emission, the merger sets in. In
addition, a large fraction of the materials (in particular
the materials of the less-massive neutron star) obtain a
sufficient angular momentum during the merger process
resulting in a disk or a material ejected from the sys-
tem [12]. This reduces the mass of the HMNS and the
collapse to a black hole is delayed [54].
H4: The evolution process of MNSs in this EOS is
similar to that in ALF2. As the value of Mmax is ap-
proximately equal to that in ALF2, the criterion for the
MNS formation is also very similar. For this EOS, how-
ever, the adiabatic index does not decrease with the in-
crease of the density as drastically as for ALF2. Thus,
the increase rate of the maximum density with time is
relatively slow, and reflecting this fact, the configura-
tion of the MNS relaxes to a quasistationary one in a
short time scale after its formation. The resulting qua-
sistationary MNS evolves through the hydrodynamical
angular-momentum transport process and gravitational-
wave emission subsequently. However the evolution time
scale is much longer than 10 ms.
A point clearly seen for the density-evolution plot of
this EOS is that the difference in the shock-heating effi-
ciency (i.e., the value of Γth) is reflected in the change of
the lifetime of the HMNSs: By the increasing efficiency
of the shock heating (for the larger values of Γth), the
lifetime of the HMNSs becomes longer (this effect should
be universally found irrespective of the EOSs). It is also
found that the presence of the mass asymmetry increases
the lifetime of the HMNS because a large fraction of the
materials escapes from the HMNS during the early stage
of the merger for this EOS.
MS1: For this EOS, the maximum mass of spheri-
cal neutron stars is too high (Mmax ≈ 2.77M) to form
SMNSs or HMNSs for m ≤ 2.8M because the remnant
mass for such initial mass range is smaller than 2.75M
(see Table II). For this case, the merger remnant relaxes
to a quasistationary MNS in a time scale ∼ 10 – 15 ms.
In a real MNS, a dissipation or a transport process of the
angular momentum plays a role for the subsequent evo-
lution for it. However, a black hole will not be formed for
m ≤ 2.8M for which the remnant mass is smaller than
Mmax ≈ 2.77M. For m = 2.9M, a quasistationary
MNS is also formed. For this case, the MNS is likely to
be supramassive, but not hypermassive. Thus, this MNS
will be also alive for a long time scale  1 s.
Shen: The evolution process of MNSs in this EOS is
similar to that in H4, although the threshold mass for the
eventual formation of a black hole is much higher than
that for H4 (m > 3.0M while m >∼ 2.7M for H4). For
this EOS, a long-lived HMNS is formed even for m =
3.0M which is by 36% larger than the value of Mmax ≈
2.2M. By contrast, for H4, a black hole is eventually
formed if m >∼ 2.7M ≈ 1.33Mmax. This suggests that in
the tabulated EOS in which the heating effects are taken
into account in a more strict way, the shock heating may
play a more important role for sustaining the self-gravity
of the HMNS.
Before closing this subsection, it is worthy to summa-
rize the dependence of the evolution process for MNSs of
canonical mass m ≈ 2.7M on EOSs as follows:
• For the EOSs such as APR4 and SLy for which P2
has a relatively small value, the evolution process
of the MNSs depends primarily on the adiabatic
index for ρ > 1015 g/cm3 (i.e., Γ3).
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• For the EOSs such as ALF2 and H4 for which P2
has a fairly large value, the evolution process of
the MNSs depends on the adiabatic index for ρ >∼
5× 1014 g/cm3 (i.e., both on Γ2 and Γ3).
• For the stiff EOSs such as MS1 and Shen for which
P2 has a large value, the evolution process of the
MNSs depends only on the adiabatic index for ρ <∼
1015 g/cm3 (i.e., Γ2).
Therefore, future gravitational-wave observation for
MNSs will be used for exploring the properties of the
EOS in a specific density range.
B. Characteristic time scales
As their lifetime is tabulated in one of the columns of
Table II, HMNSs collapse to a black hole for several rel-
atively massive models. This collapse is triggered by the
angular-momentum loss by the gravitational-wave emis-
sion and by the angular-momentum transport process
from the inner region of the HMNS to its outer enve-
lope. The transport process can work because the HMNS
formed has a nonaxisymmetric structure and exerts the
torque to the envelope surrounding it, as already men-
tioned in Sec. II C. We note that the mass of the disk
surrounding the remnant black hole formed after the col-
lapse of the HMNS is in general larger for the longer
lifetime of the HMNS for a given EOS (see Table II).
In addition, the emissivity of gravitational waves is quite
low for not-young HMNS as shown in Sec. IV: This is be-
cause the degree of the nonaxisymmetry for the HMNS
decreases with time. These facts obviously show that
the hydrodynamical angular-momentum transport pro-
cess plays an essential role for the black hole formation.
Therefore, for the HMNS of lifetime ∼ 10 – 50 ms, we con-
clude that the black hole formation is determined primar-
ily by the hydrodynamical angular-momentum transport
process, and write the time scale as τhyd.
On the other hand, for less-massive HMNSs and
SMNSs, neither the emission of gravitational waves nor
the hydrodynamical effect are likely to determine their
lifetime. For such systems, other dissipation processes
(which are not taken into account in our numerical sim-
ulations) will play an important role, and the evolution
proceeds with the dissipation time scale. If the system
is hypermassive and its degree of differential rotation is
sufficiently high, the angular-momentum transport pro-
cess via magnetohydrodynamics effects could trigger the
eventual collapse of the HMNS to a black hole (e.g., [40])
with a relatively short time scale τwind or τmri ∼ 100 ms
or less, which is comparable to τhyd. If the degree of
differential rotation is not high and the thermal effect
plays an important role for sustaining the self-gravity of
the HMNS, neutrino cooling will play a dominant role
for determining the process toward the black-hole forma-
tion. According to [10, 11], the cooling time scale via
the neutrino emission is of order seconds (hereafter de-
noted by τcool), and hence, it is much longer than τhyd.
However, if the degree of differential rotation is not high,
τcool could be shorter than τwind and τmri. Furthermore,
if the remnant mass is smaller than Mmax,s(T > 0), the
magnetic winding and MRI would not trigger the col-
lapse to a black hole. For such a system, the neutrino
cooling will trigger the collapse eventually. Our previous
work [10] suggests that this is likely to be the case.
For a smaller-mass system with Mmax <∼ m <∼ Mmax,s,
the remnant neutron star is not hypermassive, and it
evolves simply to a cold SMNS in τcool. The cold SMNS
will collapse eventually to a black hole after its angular
momentum is dissipated by some process such as mag-
netic dipole radiation. For an even smaller-mass system
with m <∼Mmax, the remnant neutron star is not supra-
massive , and it evolves simply to a cold neutron star in
τcool. This is the case for MS1 with m <∼ 2.8M.
We may classify the remnant MNSs by its evolution
time scale. Figure 6 shows such a classification. In
this figure, τdyn shows that a black hole is formed in
the dynamical time scale after the onset of the merger;
τhyd shows that a HMNS is formed and its lifetime is
determined by the time scale of the hydrodynamical
angular-momentum transport (and partly gravitational-
wave emission). τhyd,s implies that the evolution pro-
cess is the same as for τhyd but the lifetime is shorter
than ∼ 10 ms (for this case, the gravitational-wave emis-
sion could play an important role for inducing gravita-
tional collapse to a black hole); τmag/τcool shows that a
HMNS is formed and its lifetime, which is longer than
τhyd, would be determined by the time scale of angular-
momentum transport by some magnetohydrodynamics
effects or of the neutrino cooling; “SMNS” shows that
a SMNS is formed and its lifetime would be much longer
than τmag and τcool.
Figure 6 clearly shows that the evolution process and
its lifetime of a HMNS depend strongly on its EOS and
binary initial mass m. Furthermore, the dependence
of the lifetime of a HMNS on the initial mass depends
strongly on the EOS. This property is well reflected in
the gravitational waveforms, as shown in Sec. IV.
We note that for a given EOS, a disk surrounding
a black hole which is formed after the evolution of a
HMNS is larger for the smaller total mass because of the
longer lifetime and the longer angular-momentum trans-
port process. The most popular scenario for the genera-
tion of short-hard gamma-ray bursts is that the merger
of binary neutron stars produces a system composed of
a black hole and a massive disk surrounding it, and the
massive disk of high temperature or high magnetic fields
subsequently becomes the engine of a gamma-ray burst
jet [43]. For more massive disks, the total generated en-
ergy of the gamma-ray bursts would be higher. Thus,
the total mass of the binary system may be well reflected
in the total power of the short-hard gamma-ray bursts.
The gravitational-wave observation together with the ob-
servation of short gamma-ray bursts could test this hy-
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FIG. 6: The evolution time scale of the system in the plane composed of EOSs and total mass. τdyn: A black hole is formed
in the dynamical time scale after the onset of the merger. τhyd: A HMNS is formed and its lifetime is determined by the
hydrodynamical angular-momentum transport time scale. τhyd,s: The same as for τhyd but the lifetime is shorter than ∼ 10 ms.
τmag/τcool: A HMNS is formed and its lifetime would be determined by the time scale of angular-momentum transport by some
magnetohydrodynamics effects or by the neutrino cooling time scale. The evolution time scale for a given total mass depends
weakly on the mass ratio. For MS1, only the MNS or SMNS is formed for m ≤ 2.9M. For APR4 and Shen, the remnant for
the m <∼ 2.6M case is likely to be a SMNS (not HMNS).
pothesis [44].
Before closing this section, we give a comment on the
convergence. In general, for lower grid resolutions, the
lifetime of the HMNSs is shorter. The reason inferred
is that the lower resolution results in higher numerical
dissipation. Hence, the lifetime of the HMNSs found in
the numerical result should be considered as the lower
limit. For the case that a black hole is formed in a few ms
after the onset of the merger, by contrast, the dependence
of the lifetime on the grid resolution is quite weak (less
than dynamical time scale < 1 ms).
C. Dependence of the MNS evolution on binary
mass ratio
A MNS formed after the merger is rapidly rotating
and nonaxisymmetric (cf. Figs. 4 and 5). Due to this
fact, it becomes a strong emitter of gravitational waves.
Here, the detailed property of the gravitational wave-
form depends on the density and velocity profiles of the
MNS. The EOS determines the characteristic radius of
the MNS, and hence, the frequency of gravitational waves
depends strongly on the EOS (see Sec. IV). The merger
process depends not only on the EOS but also on the
mass ratio and total mass. The mass ratio in particular
becomes a key ingredient for determining the evolution
process of the density profile and the configuration of a
MNS in a quasistationary state. Through this fact, the
mass ratio gives an impact on the gravitational wave-
forms. In this section, we pay special attention to the
dependence for the evolution of the MNS configuration
on the binary mass ratio.
First, we summarize the evolution process of MNSs
for the equal-mass case (see Fig. 4). For this case, a
dumbbell-shaped MNS composed of two cores is formed
soon after the onset of the merger irrespective of the
EOSs employed. Then, due to the loss of their angular
momentum by the hydrodynamical angular-momentum
transport and gravitational-wave emission, the shape
changes gradually to an ellipsoidal one, and the ellipticity
decreases with time. Here, the time scale of the angular-
momentum loss depends on the EOS. For APR4 and SLy
for which a quasiradial oscillation violently occurs in the
early evolution stage of the MNS (see Fig. 3), the time
scale of the angular-momentum loss is short (∼ 10 ms),
while for H4, MS1, and Shen, the time scale is rather
long. For these EOSs, the evolution time scale of MNSs
from the dumbbell-like to the spheroidal shape is rel-
atively long > 10 ms. These facts can be found from
Fig. 4, and also Fig. 4 of [10].
For the unequal-mass case, the evolution process of the
MNS configuration is different from that for the equal-
mass case. To make the difference clear, we focus here on
the case of m1 = 1.2M and m2 = 1.5M (see Fig. 5).
For this case, the configuration of the MNS changes with
the dynamical time scale in the early evolution stage.
The reason is as follows: In the merger stage, the less-
massive neutron star is tidally deformed and its outer
part is stripped during the merger. Then, the stripped
material forms an envelope of the remnant MNS while
the core of the less-massive neutron star interacts with
the core of the massive companion, and the MNS is com-
posed of two asymmetric cores (see the first two panels
of Fig. 5). Because the gravity of the less-massive core
is much weaker than that of the massive one, it behaves
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as a satellite that is significantly and dynamically de-
formed by the main core, varying its configuration with
time like an amoeba. During its evolution, the satellite
is significantly elongated, encompassing the main core.
For such a case, the shape of the MNS (composed of
the main core and elongated satellite) becomes approx-
imately spheroidal at a moment (see the third panel of
Fig. 5). For such a moment, the emission of gravitational
waves is suppressed transiently (see Sec. IV).
However, after a substantial hydrodynamical angular-
momentum transport process which occurs via the inter-
action with the envelope, the MNS relaxes to a quasis-
tationary state irrespective of the EOSs employed. The
quasistationary MNS appears to be composed of major
and minor cores which are rotating in a quasistationary
manner (see the late-time snapshots of Fig. 5). This sys-
tem looks like a hammer thrower rotating with a ham-
mer (here the thrower is the major core and the hammer
is the minor core). This system subsequently loses the
angular momentum primarily through the hydrodynam-
ical angular-momentum transport process, and thus, the
degrees of asymmetry decreases gradually, although the
time scale of this change is much longer than the dynam-
ical time scale.
All these evolution processes of the MNSs are well re-
flected in their gravitational waveforms. In the next sec-
tion, we will summarize the properties of the gravita-
tional waveforms.
IV. GRAVITATIONAL WAVES FROM MNS
Gravitational waves are extracted by calculating the
outgoing part of the complex Weyl scalar Ψ4 at finite
coordinate radii r = 200 – 400M and by integrating Ψ4
twice in time (see, e.g., [48] for our method). In this work,
we focus only on (l,m) = (2, 2) modes, which dominate
over the gravitational-wave amplitude during the MNS
phase.
Figures 7 – 11 display the plus mode of gravitational
waves, h+, and the corresponding frequencies of gravita-
tional waves emitted by MNSs for a variety of EOSs and
binary masses. Here, gravitational waves shown are those
observed along the rotational axis which is perpendicular
to the binary orbital plane, and defined by h+D/m where
D is the distance from the source. The frequency is de-
termined by the change rate of the phase of h := h+−ih×
with h× being the cross mode of gravitational waves.
In this work, we evaluate the frequency by calculating
Ψ4/
∫
Ψ4dt as employed in Ref. [36]. Figures 7 and 8 dis-
play gravitational waves for m = 2.7M with four mass
ratios and five piecewise polytropic EOSs (APR, SLy,
ALF2, H4, and MS1); Figure 9 displays gravitational
waves for the equal-mass models with m = 2.6M and
2.8M with five piecewise polytropic EOSs; Figure 10
displays gravitational waves for m1 = m2 = 1.35M with
APR4 and H4 EOSs and with Γth = 1.6 and 2.0. Fig-
ure 11 displays gravitational waves for Shen EOSs with
(m1,m2) = (1.3M, 1.4M) and (1.2M, 1.5M). Grav-
itational waves for Shen EOS are also shown in Fig. 4
of [10] for the equal-mass models, to which the reader
may refer: For this EOS, the gravitational waveforms
are qualitatively similar to those for H4.
Gravitational waves emitted by MNSs are character-
ized by their quasiperiodic nature. Namely, the frequency
of gravitational waves remains approximately constant
for more than 10 wave cycles. Nevertheless, the frequency
of gravitational waves is not totally constant and changes
with time. Furthermore, the characteristic frequency and
the time-variation feature of the frequency and amplitude
depend strongly on the EOS, total mass, and mass ratio
of the binary system. In the following, we summarize the
features of gravitational waves emitted by MNSs in more
detail.
A. Amplitude
Broadly speaking, the amplitude of quasiperiodic grav-
itational waves emitted by MNSs decreases with time
because the angular momentum of the MNSs is lost by
the hydrodynamical angular-momentum transport pro-
cess and gravitational-wave emission. However, the fea-
ture in the time variation depends on the EOS and mass
ratio of the binary.
There are two patterns for the damping process of the
gravitational-wave amplitude. One is that the ampli-
tude decreases approximately monotonically with time
(besides small modulation), and the damping time scale
increases with time. This is the case for the equal-mass
model for all the piecewise polytropic EOSs, APR4, SLy,
ALF2, H4, and MS1 irrespective of the value of Γth and
total mass, as well as for Shen (see Figs. 7, 9, and 10
as well as Fig. 4 of [10]). For APR4 and SLy, an os-
cillating MNS of nonaxisymmetric shape (dumbbell-like
or ellipsoidal) is formed and quickly loses its angular
momentum by the hydrodynamical angular-momentum
transport and gravitational-wave emission. The damp-
ing time scale of the nonaxisymmetric degree (and hence
the gravitational-wave amplitude) is short, ∼ 10 ms, dur-
ing the stage that the quasiradial oscillation amplitude
of the MNS is high. Subsequently, the MNS settles to
a weakly deformed quasistationary ellipsoid, and then,
the gravitational-wave amplitude relaxes approximately
to a small constant. For H4, MS1, and Shen, by con-
trast, the damping time scale of gravitational-wave am-
plitude is relatively long for the entire evolution stage
of the MNSs. This seems to be due to the fact that
the angular-momentum transport process from the MNS
to the surrounding envelope is not as efficient as in the
APR4 and SLy cases. The probable reason for this is
that the radial oscillation amplitude of the MNSs is low
for these stiff EOSs, and thus, a quasistationary nonax-
isymmetric MNS is formed in a short time scale (a few
ms) after the onset of the merger. Namely, the merger
proceeds relatively in a mild way, resulting in a long-
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FIG. 7: Gravitational waves (h+D/m) and the frequency of gravitational waves f (kHz) as functions of retarded time for
models m1 = m2 = 1.35M and (m1,m2) = (1.30M, 1.40M) with APR4 (top row), SLy (second row), ALF2 (third row),
H4 (fourth row), and MS1 (bottom row). For SLy and ALF2, a black hole is eventually formed for tret < 30 ms. For all the
models, Γth = 1.8. The vertical axis of the gravitational waveforms shows the non-dimensional amplitude, h+D/m, with D
being the distance to the source. Spikes in the curves of f(t) (for the plot of APR4-135135 and MS1-135135) are not physical;
these are generated when the gravitational-wave amplitude is too low to determine the frequency accurately.
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FIG. 8: The same as Fig. 7 but for (m1,m2) = (1.25M, 1.45M) (left) and (1.20M, 1.50M) (right).
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term angular-momentum transport process. Figures 9
and 10 show that this fact holds irrespective of the total
mass and the value of Γth. For ALF2, the efficiency of
the angular-momentum transport is lower than for APR4
and SLy but higher than for H4, MS1, and Shen. Thus,
the damping time scale of gravitational-wave amplitude
is between two cases.
One point to be noted is that the gravitational-wave
amplitude for the late stage (for t− tmerge >∼ 10 ms where
tmerge denotes the time for the onset of the merger) re-
mains high for H4 and Shen. This seems to reflect the dif-
ference in the adiabatic index of the high-density range;
for these EOSs, the central region of the MNS has low
values of Γ2 and Γ3 (see also Fig. 1). With such rela-
tively small values, we found that a dumbbell-like struc-
ture rather than the ellipsoidal structure is preserved for
the MNS, and hence, the gravitational-wave amplitude is
enhanced.
The second pattern is that the gravitational-wave am-
plitude damps with a characteristic modulation. This
pattern is often found for unequal-mass models, in par-
ticular for q = 0.8 (see Fig. 8). The origin of this mod-
ulation is explained as follows: During the early stage
of the MNS evolution, its central region appears to be
composed of a massive core and a deformed satellite for
which the shape varies in the early stage of the evolution
(cf. Sec. III C). Here, the massive core and satellite come
from the massive and less-massive neutron stars of the
binary, respectively. In the early stage of the MNSs, two
asymmetric cores rotate around each other, and high-
amplitude quasiperiodic gravitational waves are emitted
for ∼ 3 – 5 ms. Then, the amplitude once damps to be
very small at a moment and subsequently, long-term
quasiperiodic gravitational waves are again emitted. This
feature is clearly seen for APR4-120150, APR4-125145,
ALF2-120150, and H4-120150. The mechanism for pro-
ducing this pattern is closely related to the evolution pro-
cess of the MNSs (see Sec. III C). For these asymmetric
merger cases, asymmetric double cores are formed as al-
ready mentioned. However, the less-massive core dynam-
ically changes its shape (like amoeba), and at the moment
that the gravitational-wave amplitude is small, the less-
massive core has a highly deformed shape surrounding
the massive core. Namely, at this moment, not double
cores but a single nearly-spheroidal core is formed (see
the third panel of Fig. 5). However, after this moment,
an asymmetric double-core structure is formed again (like
a hammer-thrower shape). Because the resulting double-
core structure is highly nonaxisymmetric, quasiperiodic
gravitational waves with high amplitude are emitted.
For MS1-120150 and Shen-120150, the MNS also has
an asymmetric double-core structure which is alive for a
long time scale 10 ms. In this case, the MNS never has
the moment at which a spheroidal shape is realized, and
hence, the gravitational-wave amplitude is stably high,
although a modulation in the amplitude is still observed.
B. Frequency
As already mentioned, the frequency of gravitational
waves emitted by MNSs is approximately constant (see
Figs. 7 – 11). The exception to this occurs for some
models in the very early stage just after the forma-
tion of some of the MNSs in which the frequency os-
cillates with a dynamical time scale (this can be ob-
served for all the models to a greater or lesser degree)
or for the stage just before the formation of a black
hole in which the frequency increases steeply with time
(see, e.g., the results for models SLy-135135, SLy-120150,
ALF2-135135, ALF2-130140, ALF2-140140, H4-135135,
and H4-140140). These qualitative features hold irre-
spective of the EOSs.
Figure 12 plots the Fourier spectra for some of grav-
itational waves displayed in Figs. 7 – 11. Here, we plot
the effective amplitude defined by |h(f)f | as a function
of f where h(f) is the Fourier spectrum of h+ − ih×.
This shows that there are indeed characteristic frequen-
cies ∼ 2 kHz <∼ f <∼ 4 kHz, at which the spectrum am-
plitude is high, irrespective of models (see also Table III
for the frequency of the spectrum peak). For a “soft”
EOS that yields a compact neutron star for the canon-
ical mass (i.e., APR4, SLy, and ALF2 in this paper),
the characteristic frequency is higher with f >∼ 3 kHz,
while for other “stiff” EOSs that yield a large-radius neu-
tron R >∼ 13 km, it is lower typically as f ∼ 2 – 2.5 kHz.
The reason for this property is explained as follows: The
spin angular velocity of the MNSs is close to the Ke-
pler velocity, and hence, the characteristic frequencies
of gravitational waves are qualitatively proportional to
(MMNS/R
3
MNS)
1/2 where MMNS and RMNS denote the
typical mass and radius of a MNS. Here, the value of
RMNS should be approximately proportional to the ra-
dius of neutron stars of the canonical mass, and hence,
it is reflected in the characteristic frequency. It should
be also mentioned that the characteristic frequency de-
pends on the value of Γth: For the smaller value of it, the
frequency is slightly higher for many cases, because the
effect of shock heating is weaker, and the MNS becomes
more compact.
As pointed out in [23], we also find that a certain cor-
relation exists between the characteristic frequency and
a stellar radius of a cold spherical neutron star in isola-
tion. Figure 13 plots the frequency of the Fourier spec-
trum peak as a function of the neutron-star radius of
mass 1.8M (upper panels) and 1.6M (lower panels)
for a given EOS (denoted by R1.8 and R1.6 in units of
km) for m = 2.7M (left panels) and 2.6M (right pan-
els) [55]. For m = 2.7M case, we also plot the Fourier
spectrum peak of the results of [23] for comparison [56].
The dotted curves are
f = (4.0± 0.3) kHz
(
(R1.8/km)− 2
8
)−3/2
, (7)
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TABLE III: Characteristic frequencies of gravitational waves emitted by MNSs which are determined by two different methods:
Fourier peak denotes the peak frequencies of the effective amplitude h(f)f . fave,5ms, fave,10ms, and fave,20ms denote the results
for Eq. (11) with 5, 10, and 20 ms time integration after the formation of the MNSs, — denotes that the lifetime of MNSs is
shorter than the corresponding integration time. The deviation of fave shown here denotes σf . The multiple values shown for
the Fourier peak imply that we found many peaks for which their peak values of h(f)f are larger than 80% of its maximum
value. ffitave,10ms denote the averaged frequency calculated from the best-fit results of formulae (15) – (17). The last four columns
show the maximum values of M for a fitting procedure with the number of parameters, Np = 13, 12, 11, and 10 (see Sec. V).
Model Γth Fourier peak (kHz) fave,5ms (kHz) fave,10ms (kHz) fave,20ms (kHz) f
fit
ave,10ms (kHz) MNp=13 MNp=12 MNp=11 MNp=10
APR4-130150 1.8 3.40 3.48± 0.47 3.46± 0.37 3.49± 0.33 3.39± 0.29 0.910 0.894 0.894 0.883
APR4-140140 1.8 3.47 3.59± 0.64 3.57± 0.58 3.53± 0.44 3.59± 0.59 0.968 0.968 0.967 0.965
APR4-120150 1.6 3.31 3.54 3.47± 0.30 3.44± 0.27 — 3.44± 0.24 0.963 0.962 0.959 0.945
APR4-120150 1.8 3.31,3.43 3.44± 0.30 3.41± 0.24 3.41± 0.21 3.41± 0.23 0.959 0.959 0.954 0.951
APR4-120150 2.0 3.18 3.32± 0.32 3.27± 0.26 3.27± 0.22 3.16± 0.20 0.924 0.924 0.919 0.919
APR4-125145 1.8 3.23 3.36± 0.31 3.31± 0.25 3.31± 0.23 3.20± 0.18 0.930 0.930 0.926 0.907
APR4-130140 1.8 3.28,3.31,3.40 3.30± 0.29 3.27± 0.28 3.29± 0.26 3.26± 0.26 0.982 0.982 0.981 0.968
APR4-135135 1.6 3.45 3.46± 0.42 3.45± 0.37 3.46± 0.30 3.44± 0.33 0.970 0.967 0.967 0.942
APR4-135135 1.8 3.21,3.30 3.31± 0.41 3.28± 0.37 3.28± 0.34 3.27± 0.33 0.970 0.969 0.969 0.947
APR4-135135 2.0 3.29,3.37 3.35± 0.39 3.33± 0.34 3.33± 0.29 3.29± 0.17 0.952 0.952 0.947 0.947
APR4-120140 1.8 3.14 3.15± 0.21 3.13± 0.19 3.12± 0.18 3.11± 0.16 0.982 0.981 0.981 0.972
APR4-125135 1.8 3.20 3.22± 0.25 3.19± 0.24 — 3.15± 0.17 0.975 0.975 0.974 0.963
APR4-130130 1.8 3.21 3.22± 0.28 3.19± 0.26 3.18± 0.24 3.18± 0.28 0.974 0.970 0.965 0.958
SLy-120150 1.8 3.34 3.31± 0.26 3.35± 0.24 — 3.32± 0.19 0.984 0.983 0.979 0.979
SLy-125145 1.8 3.32 3.29± 0.32 3.32± 0.27 — 3.31± 0.28 0.969 0.957 0.948 0.948
SLy-130140 1.8 3.39 3.35± 0.47 3.36± 0.40 — 3.38± 0.42 0.965 0.959 0.958 0.913
SLy-135135 1.8 3.48 3.41± 0.58 3.46± 0.48 — 3.47± 0.47 0.963 0.952 0.946 0.893
SLy-130130 1.8 3.16 3.17± 0.34 3.16± 0.29 3.18± 0.26 3.16± 0.28 0.988 0.988 0.987 0.972
ALF2-140140 1.8 2.92 2.93± 0.42 — — 2.90± 0.34 0.980 0.955 0.952 0.911
ALF2-120150 1.8 2.74,2.82,2.87 2.70± 0.19 2.71± 0.16 2.73± 0.15 2.61± 0.20 0.924 0.916 0.916 0.907
ALF2-125145 1.8 2.65 2.66± 0.14 2.66± 0.13 2.67± 0.13 2.63± 0.09 0.985 0.985 0.985 0.985
ALF2-130140 1.8 2.77 2.73± 0.19 2.75± 0.17 — 2.75± 0.12 0.981 0.979 0.978 0.977
ALF2-135135 1.8 2.77 2.74± 0.17 2.76± 0.15 — 2.74± 0.12 0.989 0.989 0.981 0.981
ALF2-130130 1.8 2.54,2.63,2.65 2.58± 0.18 2.56± 0.16 2.56± 0.15 2.55± 0.12 0.978 0.975 0.973 0.972
H4-130160 1.8 2.72 2.64± 0.26 — — 2.64± 0.26 0.973 0.965 0.963 0.942
H4-145145 1.8 2.90,2.96 2.97± 0.56 — — 2.93± 0.49 0.965 0.965 0.942 0.941
H4-130150 1.8 2.45,2.56 2.44± 0.17 2.45± 0.15 2.54± 0.17 2.42± 0.09 0.958 0.956 0.956 0.952
H4-140140 1.8 2.75,2.81 2.63± 0.23 2.77± 0.41 — 2.69± 0.22 0.975 0.975 0.966 0.951
H4-120150 1.6 2.22,2.32,2.38 2.28± 0.16 2.29± 0.14 2.31± 0.14 2.30± 0.03 0.980 0.977 0.977 0.966
H4-120150 1.8 2.29,2.39 2.30± 0.18 2.31± 0.15 2.33± 0.14 2.28± 0.09 0.955 0.955 0.955 0.939
H4-120150 2.0 2.30 2.24± 0.15 2.22± 0.14 2.26± 0.12 2.22± 0.08 0.983 0.980 0.980 0.973
H4-125145 1.8 2.44 2.41± 0.15 2.41± 0.13 2.44± 0.11 2.39± 0.13 0.981 0.981 0.980 0.980
H4-130140 1.8 2.43,2.52 2.42± 0.17 2.42± 0.15 2.44± 0.13 2.40± 0.13 0.968 0.968 0.967 0.966
H4-135135 1.6 2.59 2.49± 0.19 2.54± 0.16 — 2.54± 0.15 0.985 0.968 0.966 0.960
H4-135135 1.8 2.53 2.44± 0.20 2.48± 0.16 2.54± 0.17 2.48± 0.14 0.984 0.982 0.978 0.963
H4-135135 2.0 2.49 2.39± 0.21 2.43± 0.17 2.47± 0.15 2.44± 0.14 0.977 0.977 0.972 0.972
H4-120140 1.8 2.34,2.37,2.43 2.30± 0.15 2.30± 0.14 2.33± 0.13 2.32± 0.06 0.948 0.948 0.947 0.912
H4-125135 1.8 2.26 2.29± 0.17 2.27± 0.14 2.26± 0.12 2.28± 0.14 0.973 0.971 0.971 0.966
H4-130130 1.8 2.31 2.35± 0.18 2.38± 0.14 2.38± 0.11 2.37± 0.12 0.982 0.982 0.980 0.980
MS1-130160 1.8 2.12 2.07± 0.15 2.06± 0.13 — 2.02± 0.14 0.967 0.967 0.965 0.956
MS1-145145 1.8 2.11 2.12± 0.15 2.09± 0.13 — 2.09± 0.12 0.979 0.979 0.978 0.978
MS1-140140 1.8 2.04,2.09 2.09± 0.14 2.07± 0.12 2.05± 0.12 2.06± 0.12 0.972 0.972 0.968 0.964
MS1-120150 1.8 2.11 2.08± 0.11 2.09± 0.09 2.10± 0.07 2.08± 0.10 0.987 0.987 0.987 0.983
MS1-125145 1.8 2.02,2.08 2.02± 0.14 1.99± 0.15 1.99± 0.14 1.97± 0.16 0.959 0.959 0.955 0.953
MS1-130140 1.8 2.05 2.06± 0.14 2.02± 0.13 2.00± 0.13 2.03± 0.11 0.978 0.976 0.975 0.973
MS1-135135 1.8 1.99,2.02,2.05 1.98± 0.17 1.96± 0.15 1.95± 0.14 2.00± 0.22 0.951 0.951 0.941 0.935
MS1-130130 1.8 1.96 1.94± 0.18 1.93± 0.15 1.91± 0.15 1.96± 0.22 0.950 0.950 0.948 0.943
Shen-120150 — 1.97,2.03 2.02± 0.15 2.00± 0.13 2.00± 0.12 2.01± 0.07 0.985 0.977 0.977 0.977
Shen-125145 — 2.10,2.18 2.15± 0.17 2.17± 0.15 2.15± 0.13 2.16± 0.12 0.972 0.966 0.964 0.963
Shen-130140 — 2.09,2.12 2.08± 0.18 2.09± 0.14 2.06± 0.15 2.07± 0.14 0.972 0.971 0.971 0.967
Shen-135135 — 2.18 2.18± 0.18 2.23± 0.14 2.21± 0.11 2.27± 0.06 0.971 0.969 0.967 0.967
Shen-140140 — 2.28 2.29± 0.26 2.28± 0.19 2.27± 0.16 2.31± 0.05 0.989 0.989 0.989 0.989
Shen-150150 — 2.29 2.22± 0.24 2.13± 0.18 2.11± 0.16 2.25± 0.12 0.989 0.989 0.989 0.984
Shen-160160 — 2.49 2.38± 0.37 2.51± 0.50 — 2.49± 0.20 0.943 0.943 0.930 0.919
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FIG. 9: The same as Fig. 7 but for m1 = m2 = 1.3M (left) and m1 = m2 = 1.4M (right).
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FIG. 10: The same as Fig. 7 but for m1 = m2 = 1.35M and Γth = 1.6 (left) and 2.0 (right) with APR4 (upper row) and H4
(lower row) EOSs.
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FIG. 11: The same as Fig. 7 but for Shen EOSs with (m1,m2) = (1.3M, 1.4M) and (1.2M, 1.5M).
for the upper left panel,
f = (3.85± 0.15) kHz
(
(R1.8/km)− 2
8
)−3/2
, (8)
for the upper right panel,
f = (4.15± 0.35) kHz
(
(R1.6/km)− 2
8
)−3/2
, (9)
for the lower left panel, and
f = (3.95± 0.25) kHz
(
(R1.6/km)− 2
8
)−3/2
, (10)
for the lower right panel. These curves approximately
show the upper and lower limits of the characteristic fre-
quency. We note that the subtraction factor of −2 for
R1.8 and R1.6 is empirically needed to capture the up-
per and lower limits for the star of radius ∼ 11 km. The
reason seems to be due to the fact that general relativis-
tic corrections play an important role for the small value
of the neutron-star radius. The reason why R1.8 is em-
ployed is that we found it a better choice to get a clear
correlation between the peak frequency and a neutron-
star radius for our results. The choice of R1.6 is done fol-
lowing [23]. In both cases, our results of the correlation
between the characteristic frequency and a stellar radius
are largely consistent with the results of [23] within the
uncertainty represented with the dotted curves.
For the figure, we plotted all the values of the peak fre-
quency when we found multiple peaks; for some models,
we plotted 2 or 3 points. We also plotted all the data ir-
respective of the values of Γth for APR4 and H4: Possible
unknown dispersion associated with the shock heating ef-
fect is taken into account in these plots. Nevertheless, we
still find a fairly clear correlation for the choice of R1.8.
In particular for the lower-mass models (m = 2.6M),
the dispersion is quite small. This figure suggests that if
we can determine the peak frequency accurately, we will
be able to constrain the radius of the neutron star with
the uncertainty of ∼ 1 km. However, it is also found that
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FIG. 12: Fourier spectra of gravitational waves for some of results shown in Figs. 7 – 11: Top left; for m1 = m2 = 1.35M
with Γth = 1.8 and with five piecewise polytropic and Shen EOSs: Top right; the same as top left but for m1 = 1.2M and
m2 = 1.5M: Middle left; for three mass ratios with m = 2.7M, Γth = 1.8, and with APR4 and H4: Middle right; the same
as middle left but for SLy, ALF2, and MS1: Bottom left; for equal-mass models with m = 2.6, 2.7, and 2.8M, Γth = 1.8,
and with APR4 and H4: Bottom right; the same as bottom left but for ALF2 and MS1. The amplitude is shown for the
hypothetical event at a distance of D = 50 Mpc along the direction perpendicular to the orbital plane (the most optimistic
direction). The black dot-dot curve is the noise spectrum of the advanced LIGO with an optimistic configuration for the
detection of high-frequency gravitational waves (see https://dcc.ligo.org/cgi-bin/DocDB/ShowDocument?docid=2974).
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FIG. 13: The frequency of the Fourier spectrum peak as a function of the neutron-star radius of M = 1.8M (upper panels)
and M = 1.6M (lower panels) with a given EOS for m = 2.7M (left panels) and 2.6M (right panels). In the right panels,
we plotted all the data (equal-mass and unequal-mass data) using the same symbol. In the left panels, the cross symbols denote
the data of [23].
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it is not easy to reduce the estimation error to  1 km,
because of the presence of the systematic dispersion of
the peak frequency.
The peak frequencies are associated with the major fre-
quencies of the quasiperiodic oscillation of gravitational
waves emitted by the MNSs as found in Figs. 7 – 11. How-
ever, as already mentioned, the (nonaxisymmetric) oscil-
lation frequency of the MNSs changes during the evolu-
tion due to a quasiradial oscillation (which changes the
peak frequency as R
−3/2
MNS ) and to the secular dissipation
processes of their angular momentum, and hence, the ma-
jor frequencies change with time, resulting in the broad-
ening of the peak or appearance of the multiple peaks
(e.g., the spectra for APR4-135135, APR4-130140, H4-
120150, ALF2-130130, and ALF2-120150). This broad-
ening is not very large for particular models such as
equal-mass models of some EOSs (see a discussion in
the last paragraph of this section), and thus, for these
particular cases, the characteristic frequency may be de-
termined with a small dispersion. However, in general,
the broadening value is ∼ 10% of the peak frequencies
which is ∼ 2 – 3.5 kHz. Therefore, it will not be easy to
strictly determine the peak frequencies from the Fourier
spectrum. This situation will bring a serious problem
in the real data analysis, in which the noise level is by
several 10 percent as large as the signal amplitude; the
peak will not be determined strictly due to the presence
of many fake peaks and spurious broadening.
To estimate the possible magnitude of the broadening,
we also determine the average frequency from the results
of the frequency f by [12]
fave :=
∫
f |h|dt∫
|h|dt
, (11)
where we used |h| = (h2+ + h2×)1/2 as the weight factor.
Then, we define the physical deviation of the major fre-
quency by
σ2f :=
∫
(f − fave)2|h|dt∫
|h|dt
. (12)
Here, the time integration is performed for 5, 10, and
20 ms after the formation of the MNSs, because for each
time segment, the frequencies are changed. Table III lists
the average frequency and the deviation determined for
5, 10, and 20 ms integration.
Table III as well as Fig. 12 show that the values of
fave agree approximately with the peak frequency of the
Fourier spectrum irrespective of the integration time.
However, as expected, the value of fave changes with
time. It is also found that the magnitude of the devi-
ation, σf , is not negligible. For APR4 and SLy for which
the neutron-star radius is rather small and the ampli-
tude of a quasiradial oscillation induced at the formation
of the MNSs is rather large, the magnitude of the devia-
tion is 0.3 – 0.4 kHz. This indicates that for determining
the peak frequency from the Fourier spectrum, the un-
certainty of this magnitude has to be kept in mind. For
other EOSs, the deviation is relatively small. However,
it is still 0.1 – 0.2 kHz. To summarize, we conclude that
the characteristic frequency of gravitational waves emit-
ted by the MNSs changes with time in general, and such
time variation is the major source of the broadening of
the peak frequency found in Fig. 13.
There is also an uncertainty due to the grid resolution
of the simulation. The averaged value of the frequency
converges within ∼ 0.1 kHz error. This error causes an
uncertainty of the correlations between the Fourier peak
and the radius of a neutron stars with an error about
0.1 km. However, the half width of Fourier peaks, which
is about σf , is larger than the uncertainty due to the
grid resolution. Thus we consider that an uncertainty
∼ 0.1kHz is not quite significant.
Before closing this section, we summarize several in-
teresting properties found in the Fourier spectrum. The
first one is that the peak frequencies vary with the mass
ratio even for the same total mass m (see Table III) and
that the feature of this variation depends on the EOS.
For APR4, SLy, and ALF2, the frequency depends only
weakly on the mass ratio. For H4 and Shen, the fre-
quency is lower for the lower values of q, i.e., for more
asymmetric system. By contrast, for MS1, the frequency
tends to be higher for more asymmetric system. This
property causes a dispersion in the relation between the
peak frequency and R1.8 displayed in Fig. 13. The second
one is that the peak amplitude of the Fourier spectrum
decreases with the decrease of q for ALF2, H4, and Shen,
while it increases with the decrease of q for APR4 and
MS1 (see Fig. 12). In other words, for ALF2, H4, and
Shen, the spectrum peak is sharper for the equal-mass
binaries, while for APR4 and MS1, it is sharper for the
asymmetric binaries. These properties will be used for
constraining the EOS if the peak frequencies are deter-
mined for a variety of binary neutron star mergers.
V. MODELING GRAVITATIONAL
WAVEFORMS FROM MNS
In this section, we attempt to construct a fitting for-
mula of gravitational waveforms from MNSs.
A. Fitting formula
In this subsection, we describe possible fitting formulae
for the waveforms of quasiperiodic gravitational waves
emitted by MNSs. There are two conflicting requirements
for the fitting formulae:
• On the one hand, we want fitting formulae by which
various numerical waveforms are well fitted univer-
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sally. This generally requires more numbers of free
parameters.
• On the other hand, we want fitting formulae that
are controlled by minimal numbers of free param-
eters, to minimize the computational costs for the
fitting in the parameter survey procedures. In ad-
dition, with smaller numbers of free parameters,
the risk of unphysical fitting is decreased, and thus,
the physical meaning of each parameter in the best-
fitted case will be clearer.
Thus, we have to find an optimized fitting formula that
is described by an optimized number of parameters. To
discover the optimized fitting formula, as a first step, we
introduce a formula that reproduces many characteristic
properties of numerical waveforms, without caring the
optimization. Then, we search for the way to reduce the
number of parameters while keeping the matching degree
as high as possible.
The universal features of gravitational waves emitted
by MNSs are described in Sec. IV and summarized as
follows:
(i) The frequency of gravitational waves reaches a peak
soon after the merger sets in (or in other words, in
the final moment of the inspiral phase) and then
experiences a damping oscillation for several os-
cillation periods, eventually settling approximately
to a constant value, although a long-term secular
change associated with the change of the state of
MNSs is always present.
(ii) Soon after the onset of the merger, the amplitude
of gravitational waves becomes very low. How-
ever, subsequently, the amplitude steeply increases,
and then, it decreases either monotonically or with
modulations.
(iii) The damping time scale of the amplitude is of the
order of 10 ms for most MNS models although for
some EOSs such as H4 and Shen, the damping time
scale is much longer than 10 ms.
The fact (iii) implies that the emissivity of gravitational
waves by MNSs is in general high for the first ∼ 10 ms
after their formation. Hence, to save the search costs, we
focus on gravitational waves in this time range, consid-
ering the 10 ms-window function
W (t) :=
{
1 for ti ≤ t ≤ tf ,
0 otherwise,
(13)
where t = ti is the time at which the frequency peak is
reached and tf = ti + 10 ms. In the following, we define
the origin of the time by setting ti = 0 for simplicity.
Beware that this notation of t is used solely for describing
the fitting formulae and is different from the retarded
time, tret, that was used in Figs. 7 – 11.
Taking into account the characteristic properties of
gravitational waves listed above, we first introduce a
fitting formula that contains 13 free parameters as fol-
lows. Using the fact that a complex function of any
gravitational-wave signal, h(t), can be uniquely decom-
posed into a pair of real function AP(t) and PP(t) as
h(t) = AP(t) exp [−iPP(t)] , (14)
we consider the following forms of fitting formulae,
hfit(t) = APfit(t) exp [−iPPfit(t)] , (15)
where
APfit(t) =
[
a1 exp
(
− t
ad
)
+ a0
]
×
(
1
1 + exp [(t− aco)/tcut]
)
×
[
1− exp
(
− t
aci
)]
, (16)
PPfit(t) = p0 + p1t+ p2t
2 + p3t
3
+ exp
(
− t
pd
)
[pc cos(pft) + ps sin(pft)] .(17)
Equation (16) shows that we model the fitting function
for the amplitude part in terms of three parts:
1. a1e
−t/ad + a0 denotes the evolution for the ampli-
tude which is assumed to be composed of an expo-
nentially damping term and a constant term. a0,
a1, and ad are free parameters that should be de-
termined by a fitting procedure.
2. [1 + exp{(t − aco)/tcut}]−1 denotes a cutoff term
that specifies a time interval of a high-amplitude
stage with aco being the center of the cutoff time
and tcut being the time scale for the shutdown.
aco < 10 ms for the case that a black hole is formed
within 10 ms after the formation of a MNS. aco is
determined in the fitting process, while tcut is a pa-
rameter that should be manually chosen and fixed;
we here choose it to be 0.1 ms for simplicity.
3. 1 − exp(−t/aci) is a steeply increasing function
for t >∼ ti with aci being the growth time scale.
The reason for introducing this term is that at
t = ti = 0, the amplitude of gravitational waves
is universally low, but after this moment, the am-
plitude steeply increases and the time scale depends
on the total mass, mass ratio, and EOS (see wave-
forms in Sec. IV).
We note that in this fitting formula, we do not take
into account the effect of the modulation in amplitude:
To do so, we have to significantly increase the number of
fitting parameters. However these additional parameters
increase the search costs, and hence, in this paper we
focus on a relatively simple fitting formula.
Equation (17) shows that we model the fitting func-
tion for the frequency in terms of a secularly evolving
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term p0 + p1t+ p2t
2 + p3t
3 and damping oscillation term
e−t/pd [pc cos(pft) + ps sin(pft)]. Here, eight constants p0,
p1, p2, p3, pd, pf , pc, and ps are free parameters that
should be determined by a fitting procedure.
Thus, in total, there are 13 parameters to be deter-
mined, and we denote them by ~Q in the following. We
here stress that 13 parameters are the maximally neces-
sary ones in our present fitting procedure. In the follow-
ing, we ask whether it is possible to reduce the number
as small as possible.
B. Determining the model parameters
1. Fitting procedure
First, we focus on the fitting formula that contains
13 parameters and describe how we determine these pa-
rameters. For the determination, it might be natural to
define the following function
M (hfit) :=
(hNR, hfit)√
(hNR, hNR)(hfit, hfit)
, (18)
and consider to maximize the absolute value of this func-
tion. Here, ( · , · ) is the inner product defined in the
time domain by
(a, b) := Re
(∫ tf
ti
a(t)b∗(t)dt
)
, (19)
and we note that the maximum value ofM (hfit) is unity.
One problem to be pointed out is that Eq. (18) has a
freedom of the scale transformation as hfit → Chfit with
C being an arbitrary constant, and hence, the amplitude
of the fitting function cannot be determined by maximiz-
ing M. Thus, as an alternative, we define the following
cost function,
CC(hfit) := −M (hfit)
+
[(hNR, hNR)− (hfit, hfit)]2
(hNR, hNR)2
, (20)
and consider to minimize this function. Here, the sec-
ond term is in a sense the normalization factor by which
the ambiguity in the amplitude of hfit is fixed. We note
that by the minimization of CC, we can obtain hfit that
maximizes M and also the amplitude of hfit that agrees
approximately with that of hNR.
We use CMA-ES (covariance matrix adaption evolu-
tion search) algorithm [49–51] to solve the minimiza-
tion problems. CMA-ES is a widely-applicable optimiza-
tion method for N -input, 1-output real-valued functions
y = f(~x). CMA-ES belongs to a category of stochas-
tic optimization algorithms such as, e.g., Markov chain
Monte Carlo methods and genetic algorithms. CMA-ES
algorithm keeps track of a multivariate normal distribu-
tion N (µ,Σ) from which guess parameters ~x are gener-
ated. CMA-ES algorithm proceeds by updating the mean
Np = 13 pd pf pc ps p3 p2 p1 p0 aci aco a0 ad a1
1. (P) © ©
2. (P) © © ©
3. (P) © © © ©
4. (P) © © © ©
5. (P) © © © © © © © ©
6. (A) © © ©
7. (A) © © © ©
8. (A) © © © ©
9. (C) © © © © © © © © © © © © ©
TABLE IV: A procedure of determining 13 parameters is il-
lustrated. The procedure in this example is composed of 9
steps. In the first – fifth steps, we update (p0, p1), (p0, p1, p2),
(p0, p1, p2, p3), (pd, pf , pc, ps), and all 8 parameters of the
phase part, pi, using the cost function CP, respectively, and
in the sixth – eight steps, 5 parameters in the amplitude part,
ai, is updated using the cost function CA. At the ninth step,
all the parameters are updated at the same time using the
cost function CC. At each step, the values of parameters de-
termined in the previous steps are used as the initial guess
values. The leftmost letter (P or A or C) indicates the type
of cost function CP or CA or CC used in the corresponding
step. See also the text for more detailed description.
µ and the covariance matrix Σ according to the values of
f(~x) for randomly-sampled ~x. Due to this, CMA-ES has
many preferable properties: It does not require the infor-
mation of∇f(~x), the values of which are computationally
expensive, inaccurate or inaccessible in many cases; it is
robust against noise in f and/or tiny local minima in
f ; its result is not affected by composing any increasing
function g on the output space g(f(~x)); its result is also
not affected by Affine transformation in the input space
f(A~x + ~b) if the initial distribution is also modified by
the inverse transformation.
Despite of such properties, minimizing CC(hfit) is not
straightforwardly achieved by CMA-ES because the func-
tion has lots of local minima in its 13-dimensional param-
eter space. Therefore, we resort to meta-heuristics that
decomposes the main problem into multiple optimization
sub-problems, each of which is solved by the CMA-ES al-
gorithm.
To begin with, we introduce two supplementary cost
functions as
CP(hfit) :=
∫ tf
ti
AP2NR(PPNR − PPfit)2dt, (21)
CA(hfit) :=
∫ tf
ti
(APNR −APfit)2dt, (22)
where APNR and PPNR are amplitude and phase parts of
hNR, respectively, which are obtained by the decompo-
sition defined in Eq. (14). Then, instead of performing
the minimization procedure in the 13-parameter space
altogether, we determine a subset of 13 parameters by a
minimization procedure in terms of CP and CA step by
step.
Table IV shows an example of the parameter-search
procedure. In this example, 13 parameters of a waveform
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parameter (Qstd ± σstd) dim. constraints
a1 = 0.113793577854 ± 0.2 1 a1 > 0
ad = 3.61810442878× 10−3 ± 0.01 sec
a0 = 6.67194850219× 10−3 ± 1× 10−3 1 a0 > 0
aco = 0.012 ± 0.01 sec 3× 10−4 < aco < 1.2× 10−2
aci = 2.28934356228× 10−4 ± 5× 10−4 sec
p0 = 4.12034039189 ± 37 1
p1 = 1.56534759719× 104 ± 4× 103 sec−1
p2 = 0 ± 3× 105 sec−2
p3 = 0 ± 1× 107 sec−3
ps = 0.494703128127 ± 1 1
pc = −0.116384976953 ± 1 1
pf = 6.607469741287686× 103 ± 1× 103 sec−1 pf > 0
pd = 1.69866461255× 10−3 ± 2× 103 sec
TABLE V: The standard values of parameters ~Qstd, their deviations σstd, and their constraints.
are eventually updated after the following 9 steps (the
step indices correspond to those in Table IV):
0. In the beginning, we give an initial guess values (see
Sec. V B 2) for all 13 parameters.
1. In the first step, we update parameters (p0, p1) by
minimizing the cost function CP.
2. Using the new set of (p0, p1) as a part of
the updated initial-guess parameters, we update
(p0, p1, p2).
3. Similarly, parameters (p0, p1, p2, p3) are updated in
the third step.
4. The parameters of the damping oscillation term in
phase, (pd, pf , pc, ps), are updated using the cost
function CP and fixing (p0, p1, p2, p3) to be the val-
ues obtained in the previous step.
5. All of the parameters in phase, (pd – ps and p0 –
p3), are updated starting from the values obtained
in the first – fourth steps as the initial guess and
employing CP as the cost function.
6. We update the exponentially damping term in am-
plitude, (a0, a1, ad), employing CA as the cost func-
tion. Here, we fix the values of all the eight param-
eters in phase, (pd – p3), to be those determined in
the fifth step.
7. We update the parameters for the steeply increas-
ing term (aci), with three other parameters in am-
plitude, (a0, a1, ad), also subject to change.
8. We update the parameters for the cutoff term (aco)
in a similar manner.
9. Finally, we minimize the cost function CC using all
of the parameters obtained up to the eighth step as
the initial guess.
This procedure should be iterated until the sufficient con-
vergence is achieved.
The circles in each row of Table IV denote the pa-
rameters that are updated at each step. For the fitting
procedure at each step, we use CMA-ES algorithm. Note
that in the above procedure, we employ the cost function
CP when all the target parameters belong to the phase
part (PP ), while we employ CA when all the target pa-
rameters belong to the amplitude part (AP ). We employ
CC only when the parameters in the search include pa-
rameters of both (AP ) and (PP ) parts.
2. Standard set of the 13 parameters
CMA-ES algorithm requires the values and deviations
of the initial guess for all the input parameters. As the
search procedure proceeds, we can obtain accumulated
sets of 13 parameters determined in the different cycles
of search procedures and for additional models. By tak-
ing median over them, we may construct a standard set
of the 13 parameters, which can be used as the initial
guess in the search procedure that follows. Table V de-
notes the standard set of the parameters, ~Qstd, and their
deviations, σstd, which were obtained from the results of
the search for all the numerical waveforms employed in
this paper. Here, we artificially set p2 and p3 to be zero
because we want to always test the quality of the fitting
functions that are linear in time for the phase part. Note
that this standard set will be improved as the search pro-
cedure proceeds and as more waveforms are involved. We
use the determined 13 parameters for a set of the wave-
forms as an initial guess in the next generation of fitting.
C. Fitting results
Figure 14 shows the cumulative distribution for the
maximum value of M . Here, see the plot for Np = 13
that denotes the cumulative distribution for the case of
the 13-parameter fitting (see also the column ofMNp=13
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FIG. 14: Cumulative distribution of the maximum value of
M for the parameter fitting with the number of parameters
Np = 7 – 13. The horizontal axis denotes the maximum value
of matching, M , and the vertical axis shows the cumulative
fraction of the models whose maximum fitting value is less
than M .
in Table III which lists the maximum values of M for
all the numerical waveforms). This plot shows that for ∼
90% of the waveforms, the maximum value ofM is larger
than 0.95. Also for all the waveforms, the maximum
value of M is larger than 0.90.
Figure 15 compares numerical waveforms with their
fitting results for four models, for all of which the value
of M is larger than 0.98. For these models, the am-
plitude of gravitational waves emitted by a MNS de-
creases monotonically with time and the correspond-
ing frequency is approximately constant only with small
modulation. For this type of the waveforms, the fitting
can be well achieved in our fitting formula.
By contrast, the fitting is not as well achieved for the
case that the amplitude significantly modulates with time
in the early phase of the MNS evolution. Figure 16 shows
the sample for such cases. For all the models picked up
in this figure, the amplitude increases with time from
t = ti and reaches a high value. Then, the amplitude
once damps at t− ti = 2 –5 ms, and subsequently, quasi-
periodic gravitational waves with slowly decreasing am-
plitude are emitted. This type of gravitational waveform
is often found for the case of asymmetric binaries with
APR4 and ALF2. Nevertheless, the value of M is still
larger than 0.9.
We notice that the fitting formula, which are con-
structed with the data for 10 ms duration, could repro-
duce longer data as well (e.g., 20 ms data). Indeed, the
value of M for 20 ms duration data with the fitting for-
mula is only 1% smaller than the value of M listed in
Table III for the compact neutron-star models, APR4,
SLy, and ALF2. For the less compact neutron-star mod-
els, the value ofM is still 1 ∼ 10% smaller than the value
listed in Table III. For the softer EOSs, the duration of
high-amplitude gravitational waves is relatively short as
<∼ 10ms. Thus the longer data do not contribute much
to the matching. This is the reason that the value of
M depends weakly on the duration of the data. For the
stiffer EOSs, in particular, for H4, the duration of high-
amplitude gravitational waves is longer as >∼ 10ms. For
such gravitational waves, the matching parameters have
to be reconstructed for the longer-duration data.
Before closing this subsection, we comment on the con-
vergence of the value of M . For the case that the gravi-
tational waveform has the modulation of the amplitude,
the value ofM is lower for the higher-resolution simula-
tions, because the modulation of the amplitude is more
distinctive for the higher-resolution simulations (see de-
tails in Appendix A). Therefore the value of M is likely
to be overestimated for the waveforms which have the
large modulation.
D. Reduction of the number of the free parameters
We now explore possible fitting formulae in which the
number of free parameters is smaller than 13; some of 13
parameters are fixed to particular values. A question to
ask in the reduction process is whether the search output
in the fitting formula composed of 13 parameters is in-
sensitive to some of the parameters. If this is the case, we
could effectively reduce the search space by fixing such
insensitive parameters to standard values. In fact this is
the case: We can construct fitting formulae that preserve
nearly the same quality even when we reduce the number
of free parameters to ∼ 11, as we can see in Figs. 14 and
17.
To access the quality of the reduced fitting formula,
in this paper, we introduce a quality function q(~Q′) for
a subset of parameters ~Q′ ⊂ ~Q. q(~Q′) is defined as the
worst value among the maximum values of M when the
fitting is performed only for the subset of parameters ~Q′:
q(~Q′) := min
NR models
[M (hfit)]. (23)
Then, we consider that the quality of a fitting formula is
better if the values of q(~Q′) is larger.
We employ a simple heuristics to reduce the number
of free parameters starting from 13 free parameters ob-
tained in the best-fitting formula as follows:
1. We can construct a reduced formula with 12 free
parameters, by fixing one of the parameters to the
standard value (listed in Table V).
2. We measure the quality of all the reduced formu-
lae by performing fitting procedure described in
Sec. V B for each of them.
3. We choose the reduced formula with the highest
quality and consider it as the best formula in the
12-parameter search.
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FIG. 15: Comparison of numerical waveforms with their fitting results for APR4-120140, SLy-130130, H4-135135 with Γth = 1.8,
and Shen-140140. Gravitational waves (h+D/m) and the frequency of gravitational waves f (kHz) as functions of retarded time
are plotted. The red curves are numerical waveforms, as in Fig. 7, while the blue segment curves are the corresponding fitting
functions with the best-fit parameters. The numerical value written in the lower right corner of each panel is the value of M .
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FIG. 16: The same as Fig. 15 but for APR4-130150, ALF2-120150, APR4-120150 (with Γth = 2.0), and APR4-125145. This
figure shows that our fitting formula (15) is relatively poor at fitting the modulating feature in the amplitude.
We further repeat this to construct a reduced formula
with 11 free parameters, starting from the best formula
in the 12-parameter search. In general, we can define a
reduced formula with (Np − 1) free parameters from a
Np-parameter formula, by choosing the free parameter
that has the least effect on the quality and by fixing it.
In this manner, we constructed 11 reduced formulae with
Np = 2 – 12.
In the above heuristics, we search only for small sub-
spaces of all the possible parameter reduction spaces.
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FIG. 17: Summary of the performance of the best-fitting
procedures as a function of the number of parameters. The
maximum, minimum, and mean values of M (h) for the best-
fitting procedures are shown. The procedure with the largest
quality q =M (arg min
h
(h)) is defined as the best one.
To confirm that our choice for the parameter reduction
would be the best one, we also tested other heuristics for
reducing the number of parameters. We also tried several
different formulae for the same choice of ~Q′.
Also, it was sometimes found that for certain wave-
forms increase in Np could result in the decrease of M.
This may seem counter-intuitive, but in reality such a
miss-fitting is inevitable. This is because M is assured
to be the increasing function of Np only if the global op-
tima are always obtained. However, in practice, a fake
solution, which falls into a local minimum, is often ob-
tained, and hence, it is not easy to achieve the global
optimization. When we found such decrease in M, we
performed the fitting for a larger value of Np again, us-
ing the results of fitting obtained from a lesser value of
Np as the initial guess.
Update in the standard set of parameters may also re-
sult in the decrease of the quality for some of the reduced
formulae. In such cases we can also re-use the results
from the past overwriting the fitting results for all the
waveforms consistently. The number of the degrees of
freedom is still Np after such operations. We can un-
derstand this visually in the following way: What we
call a reduced formula corresponds to an Np-dimensional
plane embedded in the 13-dimensional parameter space,
and locally adopting a different “standard set of param-
eters” corresponds to a parallel displacement of the Np-
dimensional plane in the 13-dimensional space.
E. Results of the parameter reduction
Table III lists the maximum values ofM for the cases
of Np = 10 to 13 parameters (see the columnsMNp=10 to
MNp=13). This table obviously shows that the maximum
values ofM are approximately identical for Np = 12 and
Np = 13 (except for APR4-130150 and ALF-140140).
Therefore, the cumulative distributions for these two
cases are approximately identical as found in Fig. 14 (see
the plots for Np = 12 and 13). This implies that the
search procedure may well be performed in the fitting
formula with 12 free parameters fixing aco, which might
be a redundant parameter.
We further perform the reduction, and construct re-
duced fitting formulae with 2 to 11 free parameters
(Np = 2 – 11). We list the sets of the parameters for
Np = 2 – 13 in Table VI. Figure 14 shows the cumula-
tive distribution of M for the formulae with Np = 7 –
13. Figure 17 shows the qualities of reduced formulae
as a function of the number of parameters. This figure
indicates that the reduced formula with Np = 11 – 13
have approximately the same quality, giving M > 0.9
for more than 98% of the waveforms. The reduced for-
mula with Np = 8 – 10 have gradually decreasing quality,
givingM > 0.9 for >∼ 80% of the waveforms. Then, there
is a substantial quality gap between Np = 7 and Np = 8.
This occurs when pd is fixed to its standard value.
The last two columns of Table III also list the val-
ues of MMp=11 and MMp=10. Comparing these data
with MMp=13 also shows that the reduced formula with
Np = 11 has the quality that is approximately the same
as that for Np = 13. This implies that we may reduce
the number of the parameters to 11 by fixing the values
of the other parameters to be the standard values. We
may further reduce the number of free parameters to 10
if we can allow the matching with M < 0.9 for ∼ 5% of
the waveforms.
VI. SUMMARY
The latest discoveries of high-mass neutron stars with
mass 1.97 ± 0.04M [14] and 2.01 ± 0.04M [15] con-
strain that the maximum mass of (cold) spherical neutron
stars for a given hypothetical EOS has to be larger than
∼ 2M, and suggests that the EOS of neutron stars has
to be quite stiff. We performed a number of numerical-
relativity simulations employing stiff EOSs with a variety
of the plausible total mass and mass ratio of binary neu-
tron stars. We found that for the canonical total mass
of binary neutron stars m ≈ 2.7M, not a black hole
but a MNS is the canonical remnant, and that for many
cases, it is a HMNS. The MNSs are rapidly rotating and
nonaxisymmetric, and thus, they are often strong emit-
ters of quasi-periodic gravitational waves and efficiently
exert the torque to the envelope surrounding them. We
explored the evolution processes of the remnant MNSs
and found that their lifetime is much longer than the dy-
namical time scale of the system  1 ms for most mod-
els. Their lifetime also depends strongly on the EOSs and
their total mass, although they should always collapse to
a black hole eventually if they are hypermassive.
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phase part amplitude part quality
Np = 2 p1 p0 0.0274881661358768
Np = 3 p1 p0 ad 0.4753105281276069
Np = 4 pc p1 p0 ad 0.5908178259595284
Np = 5 pc p1 p0 aci ad 0.6750096266165332
Np = 6 pc p1 p0 aci ad a1 0.7053957819403283
Np = 7 pc p2 p1 p0 aci ad a1 0.7305212430130907
Np = 8 pd pc p2 p1 p0 aci ad a1 0.8388076222568087
Np = 9 pd pc p2 p1 p0 aci a0 ad a1 0.8600728396291507
Np = 10 pd pf pc p2 p1 p0 aci a0 ad a1 0.8831675719064657
Np = 11 pd pf pc p3 p2 p1 p0 aci a0 ad a1 0.8943981384792208
Np = 12 pd pf pc ps p3 p2 p1 p0 aci a0 ad a1 0.8943981384792208
Np = 13 pd pf pc ps p3 p2 p1 p0 aci aco a0 ad a1 0.9096283876761225
TABLE VI: The sets of free parameters in the chosen fitting formulae with Np = 2 – 13. The value of M is not very sensitive
to aco and ps if the standard values listed in Table V are assigned.
We classified the final fate of the MNSs by specifying
what determines their evolution time scale. There are
at least four ingredients that affect the evolution of the
MNSs; gravitational-wave emission, angular-momentum
transport via a hydrodynamical process associated with
the nonaxisymmetric structure of the MNSs, angular-
momentum transport process via magnetohydrodynam-
ical processes such as magnetic winding and MRI, and
neutrino cooling. If the gravitational-wave emission
and hydrodynamical angular-momentum transport de-
termine the evolution of a HMNS, its nonaxisymmetry
plays a crucial role and hence its lifetime will be short
<∼ 100 ms. If a HMNS is alive for a longer time, mag-
netorotational processes are likely to play an important
role [40]: After a substantial amount of angular momen-
tum is transported outward, the HMNS will collapse to
a black hole. If the system is not massive enough, the
angular-momentum transport alone is not likely to trig-
ger the collapse to a black hole. For such a system, neu-
trino cooling will play an important role (e.g., [10, 11]). If
the system is hypermassive but the thermal pressure sig-
nificantly contributes to sustaining the self-gravity of the
HMNS, the collapse will occur in the neutrino cooling
time scale of seconds. If the system is not hypermas-
sive but supramassive, the SMNS will be alive for a time
longer than the cooling time scale. Their lifetime will
be determined by the dissipation time scale of angular
momentum such as magnetic dipole radiation.
In the later part of this paper, we studied in detail the
properties of quasiperiodic gravitational waves emitted
by MNSs. We found that the gravitational waveforms
well reflect the evolution process of the MNSs. Basi-
cally, the waveforms have the following universal features;
they are quasiperiodic with an approximately constant
frequency ∼ 2 – 3.5 kHz, although the frequency changes
with time in particular in the early stage of the MNSs;
the time variation part of the frequency is composed of
an early high-amplitude oscillation and a subsequent sec-
ular variation; the amplitude decreases (approximately)
monotonically with time scale >∼ 10 ms which is much
longer than the oscillation period and dynamical time
scale of the MNSs. Taking into account these universal
features of the gravitational waveforms, we constructed
a fitting formula that is used for modeling gravitational
waves of a variety of MNSs irrespective of EOSs and the
values of binary mass. It is found that the waveforms
are well fitted by 13 parameter models with the value
of the matching factors > 0.90 for all the waveforms and
> 0.95 for ∼ 90% of the waveforms. Even with 11 param-
eter models, the value of the matching factors is larger
than 0.90 for 98% of the waveforms and >∼ 0.95 for ∼ 75%
of the waveforms.
We also found a correlation between the characteristic
frequency of gravitational waves emitted by MNSs and
a neutron-star radius, as found in [23]. However, it was
also clarified that the frequency has a systematic disper-
sion because it changes with time during the evolution of
the MNSs. Due to this systematic component, the corre-
lation relation is not as sharp as that pointed out in [23],
and thus, we conclude that even if the characteristic fre-
quency is determined accurately, the systematic error for
the estimation of the neutron-star radius of ∼ 1 km will
be inevitable. Nevertheless, the neutron-star radius is
constrained strongly, and therefore, measuring the char-
acteristic frequency is an important subject in the future
gravitational-wave observation.
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Appendix A: Convergence
When we model a gravitational waveform in terms of
our fitting formula, the most important quantity is its fre-
quency. We here show the convergence property for the
numerical results of the frequency of gravitational wave-
forms emitted by MNSs. Figure 18 plots the frequency
as a function of tret for APR4, ALF2, and H4 EOSs with
m1 = m2 = 1.35M and (m1,m2) = (1.2M, 1.5M) for
typical examples. For each model, three grid resolutions
are chosen (see Sec. II B and Table V of [12]). We also
provide the average frequency and the maximum value
of M for those models in Table VII.
As we described in [12], the peak frequency of the
Fourier spectrum and the averaged value of the frequency
converge within ∼ 0.1 kHz error and the error is smaller
than the systematic dispersion σf . The convergence for
the stiffer EOS such as H4 is better than that for the
softer EOS such as APR4. The possible reason for this is
that neutron stars for the stiffer EOSs are less compact
and shock heating effects are weaker that those for the
softer EOS. (Note that in the presence of shocks the con-
vergence is achieved only at the first order.) Similarly,
the values of the frequency is found to converge to this
level at each stage of MNSs except for the case that a
black holes is formed; for this case, the frequency varies
steeply with time and the convergence at a given moment
is relatively poor.
As already noted in the caption of Fig. 7, spikes
found for the plots of APR4-135135, APR4-120150, ALF-
120150, and H4-120150 are not physical; these are gen-
erated when the gravitational-wave amplitude is quite
low and hence the frequency cannot be determined ac-
curately. Such spikes do not play a serious role for
determining the Fourier spectrum, averaged frequency,
and σf because the gravitational-wave amplitude is small
at a moment that the spikes are generated. For in-
stance, the difference in the averaged frequency between
H4-120150(low) and H4-120150(high), which includes a
spike, is only 2%.
For ALF, a black hole is formed in a relatively short
time scale; see, e.g., the plot of ALF-135135. This plot
illustrates that for the lower resolution, the lifetime of the
HMNS is shorter. This is also the case for ALF-120150.
As pointed out in the last paragraph of Sec. III B, this is
an often-found property of our numerical simulations.
The value of M depends on the grid resolution of the
simulation (see Table VII). For equal-mass models, the
value ofM varies only about 0.01 depending on the grid
resolution. For unequal-mass models, the dependence of
the value of M on the grid resolution is stronger than
that of the equal-mass models. Moreover, the value ofM
is the lowest for the waveform of the highest-resolution
simulations. The reason is as explained in Sec. V C: For
unequal-mass models, the gravitational-wave amplitude
modulates significantly at 2–5 ms after the merger (see
e.g. Fig. 8). The shape of the modulation is more distinc-
tive for the waveform of the higher resolution simulation.
It is difficult for the fitting function Eq. (15)—(17) to
deal with such modulation in the gravitational-wave am-
plitude. Therefore the value ofM is low for the highest-
resolution simulations. To increase the value of M for
these models we would have to increase the number of
the parameters of our fitting formula.
[1] J. Abadie, et al., Nucl. Instrum. Meth. A624, 223 (2010):
T. Accadia, et al., Class. Quantum Grav. 28, 025005
(2011): K. Kuroda, et al., Class. Quantum Grav.
27, 084004 (2010).
[2] V. Kalogera et al., Phys. Rep. 442, 75 (2007).
[3] J. Abadie et al., Class. Quantum Grav. 27, 173001
(2010).
[4] E. E. Flanagan, and T. Hinderer, Phys. Rev. D 77,
021502(R) (2008). T. Hinderer, B. D. Lackey, R. N.
Lang, and J. S. Read, Phys. Rev. D 81, 123016 (2010).
T. Damour, A. Nagar, and L. Villain, Phys. Rev. D
85, 123007 (2012). J. S. Read, L. Baiotti, J. D. E.
Creighton, J. L. Friedman, B. Giacomazzo, K. Kyutoku,
C. Markakis, L. Rezzolla, M. Shibata, and K. Taniguchi,
arXiv:1306.4065.
[5] T.W. Baumgrate, S.L. Shapiro, and M. Shibata, Astro-
phys. J. Lett. 528, L28 (2000).
[6] G.B. Cook, S.L. Shapiro, and S.A Teukolsky, Astrophys.
J. 398, 203 (1992).
[7] G.B. Cook, S.L. Shapiro, and S.A Teukolsky, Astrophys.
J. 424, 832 (1994).
[8] M. Shibata, K. Taniguchi, and K. Uryu¯, Phys. Rev. D
71, 084021 (2005); M. Shibata and K. Taniguchi, Phys.
Rev. D 73, 064027 (2006); K. Kiuchi, Y.I. Sekiguchi,
M. Shibata, and K. Taniguchi, Phys. Rev. D 80, 064037
(2009).
[9] K. Hotokezaka, K. Kyutoku, H. Okawa, M. Shibata, and
K. Kiuchi, Phys. Rev. D 83, 124008 (2011).
[10] Y. Sekiguchi, K. Kiuchi, K. Kyutoku, and M. Shibata,
Phys. Rev. Lett. 107, 051102 (2011); Prog. Theor. Exper.
Phys. 01, A304 (2012).
[11] Y. Sekiguchi, K. Kiuchi, K. Kyutoku, and M. Shibata,
Phys. Rev. Lett. 107, 211101 (2011).
[12] K. Hotokezaka, K. Kiuchi, K. Kyutoku, H. Okawa, Y.
Sekiguchi, M. Shibata, and K. Taniguchi, Phys. Rev. D
87, 024001 (2013).
[13] J. M. Lattimer and M. Prakash, Science 304, 536 (2004);
Phys. Rep. 442, 109 (2007).
[14] P. Demorest, T. Pennucci, S. Ransom, M. Roberts, and
J. Hessels, Nature 467, 1081 (2010).
[15] J. Antoniadis et al., Science 340, 448 (2013).
[16] K. Kiuchi, K. Kyutoku, K. Hotokezaka, Y. Sekiguchi,
and M. Shibata, in preparation.
[17] M. Shibata and K. Uryu¯, Phys. Rev. D 61, 064001 (2000).
[18] M. D. Duez, Class. Quantum Grav. 27, 114002 (2010).
[19] J. A. Faber and F. A. Radio, Living Rev. Relativ. 15, 8
(2012).
[20] L. Rezzolla, L. Baiotti, B. Giacomazzo, D. Link, J. A.
31
Model f lowave,10ms (kHz) f
middle
ave,10ms (kHz) f
high
ave,10ms (kHz) Mlow Mmiddle Mhigh
APR4-120150 3.31± 0.23 3.28± 0.23 3.41± 0.24 0.964 0.972 0.959
APR4-135135 3.40± 0.36 3.34± 0.36 3.28± 0.37 0.970 0.981 0.970
ALF2-120150 2.68± 0.13 2.78± 0.15 2.71± 0.16 0.991 0.975 0.924
ALF2-135135 2.82± 0.21 2.82± 0.19 2.76± 0.15 0.988 0.990 0.989
H4-120150 2.27± 0.12 2.28± 0.14 2.31± 0.15 0.986 0.984 0.964
H4-135135 2.51± 0.14 2.52± 0.14 2.48± 0.16 0.982 0.990 0.984
TABLE VII: The resolution study for the characteristic frequency fave,10ms and the maximum values of M for APR4, ALF2,
and H4 EOSs with m1 = m2 = 1.35M and (m1,m2) = (1.2M, 1.5M). Here the number of parameters is set to be Np = 13.
32
Font, Class. Quantum Grav., 27, 114105 (2010); L. Rez-
zolla, B. Giacomazzo, L. Baiotti, J. Granot, C. Kouve-
liotou, M. A. Aloy, Astrophys. J. 732, L6 (2011).
[21] M. Thierfelder, S. Bernuzzi, and B. Bru¨gmann Phy. Rev.
D 84, 044012 (2011); S. Bernuzzi, M. Thierfelder, and B.
Bru¨gmann, Phys. Rev. D 85, 104030 (2012).
[22] V. Paschalidis, Z. B. Etienne, and S. L. Shapiro, Phys.
Rev. D 86, 064032 (2012).
[23] A. Bauswein and H.-Th. Janka, Phys. Rev. Lett. 108,
011101 (2012); A. Bauswein, H.-Th. Janka, K. Hebeler,
and A Schwenk, Phys. Rev. D 86, 063001 (2012).
[24] J. S. Read, B. D. Lackey, B. J. Owen, and J. L. Friedman,
Phys. Rev. D 79, 124032 (2009).
[25] H. Shen, et al., Nucl. Phys. A 637, 435 (1998); Prog.
Theor. Phys. 100, 1013 (1998).
[26] H. Shen, F. Yang, and H. Toki, Prog. Theor. Phys. 115,
325 (2011).
[27] J. S. Read, C. Markakis, M. Shibata, K. Uryu¯, J. D. E.
Creighton, and J. L. Friedman, Phys. Rev. D 79, 124033
(2009).
[28] A. Akmal, V. R. Pandharipande, and D. G. Ravenhall,
Phys. Rev. C 58, 1804 (1998).
[29] F. Douchin and P. Haensel, Astron. Astrophys. 380, 151
(2001).
[30] M. Alford, M. Brady, M. Paris, and S. Reddy, Astrophys.
J 629, 969 (2005).
[31] N. K. Glendenning and S. A. Moszkowski, Phys. Rev.
Lett. 67, 2414 (1991); B. D. Lackey, M. Nayyar, B. J.
Owen, Phys. Rev. D 73, 024021 (2006).
[32] H. Mu¨ller and B. D. Serot, Nucl. Phys. A 606, 508 (1996).
[33] I. H. Stairs, Science 304, 547 (2004); D. R. Lorimer,
Living Rev. Relativ., 11, 8 (2008).; J. M. Lattimer and
M. Prakash, arXiv:1012.3208
[34] J. M. Lattimer and M. Prakash, Astrophys. J. 550, 426
(2001).
[35] A. Bauswein, H.-Th. Janka, and R. Oechslin, Phys. Rev.
D 82, 084043 (2010).
[36] T. Yamamoto, M. Shibata, and K. Taniguchi, Phys. Rev.
D 78, 064054 (2008).
[37] K. Taniguchi and M. Shibata, Astrophys. J. Suppl. 188,
187 (2010).
[38] http://www.lorene.obspm.fr/
[39] M. D. Duez, Y.-T. Liu, S. L. Shapiro, and B. C. Stephens,
Phys. Rev. D 69, 104030 (2004).
[40] M.D. Duez, Y.-T. Liu, S.L. Shapiro, M. Shibata, and
B.C. Stephens, Phys. Rev. Lett. 96, 031101 (2006); M.
Shibata, M.D. Duez, Y.-T. Liu, S.L. Shapiro, and B.C.
Stephens, Phys. Rev. Lett. 96, 031102 (2006).
[41] D. M. Siegel, R. Ciolfi, A. I. Harte, and L. Rezzolla,
arXiv:1302.4368
[42] See, e.g., S. L. Shapiro and S. A. Teukolsky, Black Holes,
White Dwarfs, and Neutron Stars, Wiley Interscience
(New York, 1983).
[43] R. Narayan, B. Paczynski, and T. Piran, Astrophys. J.
Lett. 395, L83 (1992): T. Piran, Rev. Mod. Phys. 76,
1143 (2005): E. Nakar, Phys. Rep. 442, 166 (2007).
[44] I. Bartos, P. Brady, and S. Marka, arXiv:1212.2289
[45] S. A. Balbus and J. F. Hawley, Astrophys. J. 376, 214
(1991): Rev. Mod. Phys. 70, 1 (1998).
[46] S. A. Balbus and J. F. Hawley, Rev. Mod. Phys. 70, 1
(1998).
[47] M. Shibata, Phys. Rev. Lett. 94, 201101 (2005).
[48] K. Kyutoku, H. Okawa, M. Shibata, and K. Taniguchi,
Phys. Rev. D 84, 064018 (2011).
[49] N. Hansen, The CMA evolution strategy: a comparing
review, Stud. Fuzz. 192 75-102 Springer (Berlin Heidel-
berg, 2006).
[50] A. Auger, D. Brackhoff and N. Hansen, Mirrored sam-
pling in evolution strategies with weighted recombination,
GECCO ’11 July 12-16, 2011, Dublin, Ireland.
[51] See also http://www.lri.fr/˜ hansen/cmaesintro.html .
[52] C. Cutler and E. E. Flanagan, Phys. Rev. D 49, 2658
(1994).
[53] We assume general relativity is the correct theory of grav-
ity on the scale of neutron stars.
[54] For SLy, this dependence of the lifetime on the mass ratio
is not found. The reason is that for SLy (and APR4), a
large fraction of mass is ejected from the system even
for the equal-mass binary. For SLy-135135, ∼ 0.02M is
ejected while for SLy-120150, ∼ 0.01M is ejected.
[55] It should be noted that irrespective of the mass ratio, the
chirp mass defined by (m1m2)
3/5m−1/5 is approximately
equal to the value for the equal-mass system, 2−6/5m,
within 1% error for 0.8 ≤ q ≤ 1. Thus, we may approx-
imately consider that the plots of Fig. 13 are the plots
for a given value of the chirp mass. In the data analysis
of the chirp signal of gravitational waves, the chirp mass
will be determined accurately but the mass ratio may not
be [52]. For this reason, we generated Fig. 13 for a given
value of m irrespective of the mass ratio.
[56] Here we choose only the data of which the maximum
mass of given EOSs is larger than 1.97M (see details in
Table II of [23]).
33
 0
 1
 2
 3
 4
 5
 5  10  15  20  25
f (
kH
z)
tret (ms)
low
middle
high
 0
 1
 2
 3
 4
 5
f (
kH
z)
APR4-135135
APR4-120150
 0
 1
 2
 3
 5  10  15  20  25
f (
kH
z)
tret (ms)
low
middle
high
 0
 1
 2
 3
f (
kH
z)
ALF-135135
ALF-120150
 0
 1
 2
 3
 5  10  15  20  25
f (
kH
z)
tret (ms)
low
middle
high
 0
 1
 2
 3
f (
kH
z)
H4-135135
H4-120150
FIG. 18: The resolution study for the evolution of the fre-
quency of gravitational waves emitted by MNSs for APR4,
ALF2, and H4 EOSs with m1 = m2 = 1.35M and
(m1,m2) = (1.2M, 1.5M). For each model, three grid reso-
lutions are chosen; see Sec. II B and Table V of [12]. For align-
ing the curve at the onset of the merger, the time is shifted
for the data of low and middle resolutions. Spikes found for
the plots of APR4-135135, APR4-120150, ALF-120150, and
H4-120150 are not physical; these are generated when the
gravitational-wave amplitude is too low to determine the fre-
quency accurately.
